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Problem 2 Continuous functions, maximum and minimum (4 points)

a) Consider two functions f,g: (0,1) — R defined by f(z) = x(1—2x) and g(z) = ﬁ
Show that f and g are continuous by using the continuity definition with sequences
(see tutorial).

b) Show that f : (0,1) — R defined by f(x) = z(1 — x) is continuous by explicitly
using the e-d-criterion (see tutorial or Theorem 4.16).

c) Let h : R — R be a continuous function with lim,_,4~, A(x) = 0. Show that the
function has a maximum or a minimum.

Hint: You may find Theorem 4.19 very helpful.

Remark: We say that a function f : I — R has a maximum if there 1s an a € [
with f(a) = sup,cr f(z) and we say that f has a minimum if there is a b € I with

f(b) =inf,cr f(x).

d) Is it possible that there is a function & : [0,1) — R that is continuous and bounded
but that has neither a maximum nor a minimum? Give a short reasoning or just a
sketch of a suitable graph.
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