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Problem 3 Reordering an infinite sum (4 points)
We consider the following “infinite sum”, called a series,
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and denote the sum of the first n terms by S,,, also called the nth partial sum. For
example, Sy = % — % + % — %. By reordering, we get a new series:
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We denote the nth partial sum of this new series by 7),. For example, T = % + % - % + %
In this exercise, we examine if this reordering changes the limit of the partial sums. In
order to do this, we use the harmonic series given by
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and here we denote the nth partial sum by H,.

a) Show that Hs, — S, = H, for all n € N.
b) Show that T3, + %Hn = Hy, — %Hzn for all n € N.

¢) Assuming that (S, )nen and (T}, )nen are convergent, deduce

3-1lim S,,=2- lim 7,.
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Hint: Use the formula from (a) for Sa, and Sy, and the formula (b) for Ts,.

d) Explain in your own words, which property gets lost when one goes from a normal
finite sum to an “infinite sum”.
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