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Unbouhded Operators - Part 10

T: X2D(T) — Y densely defined =—> adjoint exists:
(X,Y Bahach SPaceS> T): Y):_Q:D(T\) —> ><3
(X,Y Hilbert sPaoes) T% Y 2D(1) — X

Definition: Let X — U‘(R,@) & square-infegrable functions f|§-(><)]tdx <

with respect to the R
onhe-dimensional Leb653ue measure

Hilbert space with inner product:
<S> = fmj(x)dx
R

Let LF: fR%(D be a conhtinuous function.

Then MLF x QD(M?) —> X denotes the multiplication operator:
- M‘PJC with (MKP5>(X) = Lf)(x) £(x)

for x€ R almost everywhere
:D(Mtp> = {S:G B(R/C) | LFJC € E(R/@)}
\ dense in U(R,C)

*
Adjoint of the multiplication operator: MLP : X Q:D( M‘P*) —> X
V4 %

ijé‘x | there is§6X wi’rh<lekf§>: <§15> for a\|§€:D(Ml{,)} with MLP 9 = ?




Is it a multiplication operator as well?

<o M 5> zgjcxmxmxw = ) 0300 $@dx =g, £
R

for all Jc,j S :D(MY)Z:D(MQ)

*

First result: Mq < Mkf

To show: g€ :D( M‘l’*) —> ?j € LL(R/@)
Proof: Note: jel__l) 1'\ bounded :> L\ﬂé.'_l

”~

Make ? bounded? Take f\rh-_ R— C /

f 1
L> ’Yh? is bounded ': : N

("Yh\.f) )(x) Lol LF(X) for xe R

For §e D(MY),jefD( M, BE

Mg 5 = Sn@ My a0 504
NG gw“\/

_<Mv3 Y E D = <Sr (p 5)>

— 5(—X) (x) h(x)gc(X)o\x
J30 gtaree

_ é?(x)wh(x)ﬁ(x) FRIx =By, f
D(My) dense /\V“B;1

— wMis = vy = Mg =73 el

Final result: M‘f’ — M?



