The Bright Side of Mathematics

The following pages cover the whole Start Learning Sets course of
the Bright Side of Mathematics. Please note that the creator lives
from generous supporters and would be very happy about a donation.
See more here: https://thsom.de/support

Have fun learning mathematics!


https://thebrightsideofmathematics.com/support
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Propositional Logic Logic
N +
_ Axioms of
Naive set theory set theory
Goal: doi themati e~ %,
Il TS foundation of mathematics
1. : e . . J‘cf M
SeT: collection of distinct objects into a whole @/ B /
Such an object X inside a set M is called A, @ M
i 2
an element of M, write: xeM
It X is not such an object inside meams:—l(XG M) ¢M
the set M, we write: xéM
A set can be defined by giving all its elements: A s — iz' S, (§
'\deﬁmed by
Examples: Empty set: @ = {’k
Natural numbers: N := i']lll 3, ‘f, S, /§
Nafural numbers (including zero): INo s = io’ 1121 3, ‘f/ g
Integers: £ := z, -1,-1,0.,1,1, ’g
Rational numbers Q. Real numbers R Complex numbers

"> quantifiers VY 3 predicates  x€ IN
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is an even number false logical statement

[1] is an animal false logical statement

f/::_\}’j\/ True logical statement

predicates

Predicate:  An expression with undetermined variables that ascribes a property
fo objects filled in for the variables,

Form new sefs: { xe N \ X is an even numbev}
éy c 7 ] ye INjg

For A:= 2Mevcuw, Venus, Earth, Mars, Tupiter, Saturn, Uranus, Nep’fune}

form: {‘FG A | p has at least 1 confirmed moon’g

Quantifiers : \V/X for all X 3 X it exists X

Predicate: X is a planet

VX : X is a planel, ~~~> logical statement
false

dx : X is a planet ~~~> logical statement
True

Equality for sefs: Two sets A/ B are the same, written as A =3 if

VX : XeA & xel is true,

Example: C::£Z/ 3, 5}

{/3,5_, Z}:tj) leC = 1€ Hrue
2€C«> 1€ true

{13,85 = $1,1,2,3,3 5%

N
Subsets: For two sets A, B, we write AcBif

VX e XGA > xel is True,
V\f’\_/

Short notation: VxeA . xeB

We call A a subset of B (We can also write B2 A)
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A_C__B@-isasupevse’fofA S BCB/
Kisasubse’f of B ¢CB

VX : Xe¢’> xe B

Union: a‘s AuB ;_—_{x l xe A v xe:Brg

(Vx: XeAuB —> XeAV xe B > is true

Intersection: aog Af\?) - zx l xe A A Xe:B’%

Set difference:
a’s M8z x| xeha xe]
Example: A::§l1,2,q% A 5_3’9'53 geg

AvB=51,1,3,4,5% , And=345 , A\B = {1,13

Big union: Need: [ set , A.b set for each el

L_%AL 1= ix ‘ JieT : XéALl

Big intersection: mAh .= ix ‘ YieT : XeA;,E @

Example: A1:{4l§ , A,L: {Z,g , A3=iz‘% [

L=, A= mwen UA = 342.5,.0=n
€T

A = &
T
The set of all
Power sef: For a sef A define ?(A> r= ix | x < A} subsets of A

Example: A - 11,2, 313 - P(A) = iqf, 0,38, 143 3%, 1%, el 52,3"5.{1,3}}
e (M@, [T =8 = &
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Cartesian product: A x B set of all ordered pairs
=3 A,0,0
A=} A0, }M>(A'7) 2lah @D ©7
8= {473 (0% @Y @9

_ A ] O
Definition of ordered pair: For elements X, Y write QX.)’) = i 2@ / {x:}'}}

Gy = D @ W A (o=
<= X=X A )/:7

Definition: Ax B = &(a,k) ‘ ac A A be Bg

A

A subset GJ( < AxB is called a function if

(Vx V)/ V}/V (X.Y)Cé:g A QX.?)CG; —> y:'>‘f> is True,

3 D= : --
‘ /\_/ ‘ not a function
| A T

| Y A

1t also VxeA: Elye:_(b) : (.X.)/)Céag is true,
we write: /75 A—=>3 and 5:(70:)’ for (X.)/)CGL;

/& /Qcoolomain of § w

domain of §

a map from A into 3 graph of f§

Example:

5) = 1
flO)=¢
f(O)=¢
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Map: 5 : A — B
Epr\e: 5:: lN —> Z new notation for 5(?\) = X'L
X —> X I

Bange:  Ran(§):= §yeB | IxeA: §00-y]

::{/g(x) X € A} (shorter notation)

Example: 5 R«R = R

%0
oV

Ren(§) = fyeR | y= ol

l image of A:  §[K)

For a subset A cA,

§[K] = iyc—:js ‘ 1x<A : 5 :Yl = 25—(@ \xeK’S

Image and preimage:

denotes the image of A under ;F . ¢

N\

e -

For gc_:(ﬁ,

§T8=f xeh | S0

denotes the preimage of g under }

Example: FN—>z §[i2,3,‘f3] = i0,33
0 if x even
X = ~1
ix it x odd 5 [i%} :{12,4,4,8, 10,...’3
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A/ 3

not injective

not surjective

Definition: A map JC: A— B is called:

injective if Vx,,xteA : (x1#x1 —> KXD ‘#.;((’Q) is True

surjective if VyefB s Ixe A+ $(x) = y s true

Remember:

sur jective: Each )/GB gets at least one arrow,

injective:  Each )/GB gets at most one arrow.

injective + surjective Each )/G,B gets exactly one arrow,

bijective (1 1)
\
invertible

bijective

-1 inverse map
5 . b— A ,

-4

Sy=x i £ =y

Example: 5; ]N%{'{IQ—,SI 16,15, 3¢, }

X = xL

-1
${14,9,4%,15,3¢,. 3T >N
y =y
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TN /5\

99§

For §= A—9F and J:B —> C define:
303:: A%C

called the composition g with
x —>9(£0))

Examples:

(1)

(Jof)(ﬂ = J (305)(2) = J
(305)(3) = J (Jof)(tr) =J

. R—> R

X = X X > sin(X)
~rs (45 = sin(X) and (Fo9)(0) :(su.(ﬂ)l

identity map
e

For any set A, we define: LAA : A — A

X > X [ »

s
For §: A —> B bijective, we have:
-1
Jo§ = idg
-1
Seof = idy



