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Start Learning Logic — Part 1

Logical statement (proposition): Statement that is either True or False

Examples: (a) Mars is a planet (Tvue logical s’ra’femenf)

(b) Pluto is a planet (Fa\se logical s’fa’femen’f}

(¢) 1+1 =7 (Tvue logical s’fa’femen’()

(d) The number 5 is smaller than the number 2 (Fa\se logical s’fa’feme\n)f)
(e) Good morning: (No’f a logical s’ra’remen’f)

(f) x+1 =1 (NO’\' a logical s’fa’remen’f) ~~=> predicate

Logical operations:

Truth table

A=A
Negation: For a logical statement A , T T

T T

_IA denotes the negation,

Examples: (a) A = The wine bottle is full

A = The wine bottle is not full
A= 1+1=8
A = 1+1#8
Conjunction: For two logical s’ra’remen’rsA , B,

A A B denotes the conjuction,

Truth fable

Ar3B

>

A B
bq'\'l-c.ry —

\

\
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Start Learning Logic — Part 2
/— logical
& variable
Logical statements A,@ ~~> new logical statements ﬁA , A;\\BL/ e
tlogical /
Logical operations: operations
Disjunction: For two logical s’fa’remen’rsA , B, Truth fable
A \Y B denotes the disjunction, é 8 AVB
- T T
A
8 FIT| T
bA'H'!.ry —_ '-F ‘F _-F
Example: A v A Truth fable

We say -1A Vs A
A[2A|aAVA is a Tautology.
T ? T C} always true
‘F T T (independent of the truth values

of the logical variables that are contained)

Logical egquivalence:  Tyo logical statements are called logically equivalent

if the truth tables (all possible assignments of truth
values for the logical variables) are the same,

Example: — (A Vv B) <:> (-'1 A) A ('1 :B)

AVB —A -13 _|(AVB> A A -13
T F T t F

F t
T T

T T

~

o >
+H -+ |«

T
T
‘.F

__.’
~
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Start Learning Logic — Part 3

Logical operations: Truth table
AlB| A—-3
Conditional: For two logical sTa‘Temen’fsA , B, T T T
AQB denotes the conditional, T F F
T T
Lt T
—> means —> gives tautology
V/’fau’ro\o@(f
AlB| ArB ArB - 3
T T T T We can wrife:
Tt F T
FlLEl T T
Truth fable
Biconditional: For two logical s’ra’femen’fsA , B, A Bl A<23
AHB denotes the biconditional, T T
nEIE:
{=> means <> gives tautology TIT T
FlEl T

Example: (a) N <> 3 = (/-\933) A (B>A)
(b) A —>B <::> - - -|A (contraposition)

1t there is fog, then 1t we don't have poor visibility,
we have poor visibility there is no fog.



Deduction rules: (how to get new true propositions from other true propositions)

Modus ponens: If A=>3 true and A Hrue, then: B true

A[B| A-3
o[ | T T o
TIF| 7
T
FIF| T

Chain syllogism: If A=3 true and B->C true, then: A=C true

Reductio ad absurdum: If A>3 true and A—=-B true, then: 2 A true
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Start Learning Sets — Part 1

Propositional Logic Logic
, +
| Axioms of
Naive set theory set theory
603\: doi th ti L ——~———__ §/
ong mathematios foundation of mathematics
1. : . . : I&f M
SeT: collection of distinct objects into a whole @/ B /
Such an object Xinside a set M is called A, @ M
o e
an element of M, write - xeM
It x is not such an object insidep/means:—l(XéZ M) @¢M
the set M, we write: xéM -
A set can be defined by giving all its elements: A ¢ — iz' S, {g
'\deﬁned by
Examples: Empty set: @ := {}
Natural numbers: | := i1, 1,3, ‘f, S, g
Natural numbers (including zero): lNo L= io’ 11,3, ‘f/,_.g
Infegers: #:= z,..,‘z,— 1, 0,1,2, lg
Rational numbers @ Real numbers R Complex numbers

"> quantifiers VY 3 predicates  xe N
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Start Learning Setfs — Part 2

is an even number false logical statement
is an animal false logical statement
t_—_\?\/ True logical statement

predicates

Predicate:  An expression with undetermined variables that ascribes a property
to objects filled in for the variables,

Form new sets: { X e N \ K is an even V\umbev}
éy c 7z ] ye IN}

For A = ZMevcuw, Venus, Earth, Mars, Jupiter, Saturn, Uranus, Nepfuvxe}

'Foym: {‘Pé A | (9 has at \eas’f 1 COV\'ﬁYYYled YYIOOV\}

Quantifiers : \V/X for all X 3 X it exists X

Predicate: X is a planet

VX . X is a planet A~~~ logical statement
false
dx : X is a planet ~~~> logical statement

true



Equality for sefs: Two sets A, B are the same, written as A = R if

Vx : xe A &> xe B is True.

{3,525 =:0 1eC > 1€D e

Examp\e: C::£Z, 3/ 5}
2€eC«> 1€ Htrue

{1,3,sF = §1,1,2,3,3,5%

Subsels:  For fwo sefs A,js, we wite A< Bif /

Short notation: VXGA . xeB

We call A a subset of B (We can also write 32 M)
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Start Learning Sets — Part 3

A_C__B@—isasupevse’(ofA :BQB\/

P g SRS

Kisasu\ose’fof:B ¢§B/
\VIX r Xe @ > xeb

Union: @% Aud ;:ix I xe A v xeCBrg

(VX% XeAu3 > XGAV Xe:B ) is True

Intersection: a':g Anj) e ix | XeA A erBr%

Set difference:
@‘s M8z x| xeh n xedt
Example: A=:i1 L, LFE , b= {3’#,53 aes

AvB=51,1,3.4,5%, And= 4% MB ={1,18




Big union:  Need: 1 set , Ai. set for each el .

UA = {x | FeeT e A\
Big intfersection: QAL = ix ‘ VieT - xeA,;tg @
Example: A4:{4§ , A,L: {Zk / A3=iz1g [
L=N, A=§d. wen YA = §12.3.3 -

nA(, - @
€T
The set of all
Power sef: For a set A define ?('LD = QX | 7< < A,% subsets of A

eanple: — A=91,2,30 , P(A) = i¢’ In0,9%, 448 1%, 9%, $0al, {2,3}'{1,3}}
e |A@, [PW)] =8 =7
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Start Learning Sets — Part 4

Cartesian product: A x B set of all ordered pairs
A=74A,00 A7) @7 (OF
5‘ } ~ (A7) 717 (

g = 4,7} (A @e) O8)
A O O

Definition ot ordered pair:  For elements X, Y write Qx,y) = i zx} / {X,)’}}
wy) = &Y & W A b= S

& X=X A~ y=§

Definition: Ax @ = &(o\,b) ‘ ae A A be Bi

B
7L b

A

A subset GJ( < AxB is called a function if

(Vx Vy Vy QX.Y)CG:g A QX.Y)CG; —> y:’?’) is true,

3 |
/\/ ‘ < not a function

| A | } A




1f also VxeA: Hyefg : (X.Y)CQ; is True,
we write: 75 A—>3 and {x) = Y for (.X.)/)Q Gy

& /Q-ooolomaivm of § X

domain of §

a map from Ainto 3 graph of {

Example:

5) =1
flO)=¢
f(O)=¢
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Start Learning Sets — Part s

Map: 5: A — B
Example: 5: N — 2

Range: (Ram(}') 1= {yg:B | Jxe A : g(x) = )/}
= ig(x) | X € A} (shorter notation)

Example:  f: RxR — R

(%, %) = Xt

|




Image and preimage: /_\\I ;
) W)
;‘ w image of A: §[K)

For a subset A A,

§[K] (= iye% l AxchA : S :)/1 = zg(x) \xeﬂ}

denotes the image of A under 5-\ .

s N
T

§T8l=] et | S00e 3 ]

denotes the preimage of .?g under ,5:

For gC_:_fB,

Example: }; N — # \S:[ilﬂ,tl'&] = iO,S}
0 if x even
ix if x odd § i} | izqum %
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Start Learning Sets — Part ¢

A/ 3

not injective

not surjective

Definition: A map JC: A— B is called:

injective if  Vx, x.e A (x,#xl —  f(x) # JC(XL)} is frue

sur jective if VyeB . dxe A }(x) =y is True

Remember:

surjective: Each )/Q:B gets at least one arrow,

injective: Each )/GB gets at most one arrow,

injective + surjective Each )/QB gets exactly one arrow,

bijective (1 1)
\
invertible

bijective

-1 inverse map
5 . b— A ,

5 ()/) = X if f(x) =Y

Example: 5; ]N%{LQ—I\‘)I 16,15, 3¢, }

X = xt

-1
Sei14,9,1,25,3¢,.J =N
y ey
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-0~ Start Learning Sets — Part 7

I

9°4

q) =3
3(1) =1
§(4) =38
F() =28
£(3) =8
(9e5)(1) =3 (ge§)(2) = J 5@ =8

(305)(3) = J (Jo‘;)((-a =J

(’L) §=|R—>|R ;Y R —= R

X = X X > sin(x)
1
N~ (305)(@ = Siw(x1) and (3:03)0() :(Siu(x)>

identity map
For any set A, we define: LAA : A — A e

X —> X

[

For §: A —> B bijective, we have:
-1
Jo§ = idg
-1
§oS

= idy
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Start Learning Numbers — Part 1

Natural numbers

® O® oO®d a0
¢ E¢ C¢¢ CooE

1 2 3 4
N=31,2,34,.1

N=30,1,2,3,¢4,.1

O :— ¢ empty setf
1 := {0} set with one element

N
Y

}:0/ 1} set with Two elements

3 = {0/1,2} set with three elements
4:=10,1,2,31 = 3u {3}

Axiom: There is a set n\lo with the properties: (a) Qe N,

(b) ¥x: xeN, — xo e N,
And [N, is the smallest set having these two properfties.

Successor map: s: N, — N, -
X > Xu ix’i : S(b) 7
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Start Learning Numbers — Part 2

Natural numbers: INO = '&0, 1,2,3,4%, }

Properties of n\]o: (1) Oe No

(2) There is a map 5: N09 INO that safisfies:

(2a) ¢ is injective

(2b) 0 Ran(s) = 5[N] =
01L348567%8 - (20) 1 M< N, with .
0eM and s[M] M, \
then M= N,.

(mathematical induction)

N,

Addition in INO: map IN,,xlNo —> |No

(M, n) > m4+n

How is it defined? 2 +4:=(

m+0 = m , o S(m) } m+ 2 = 5(m+4)

Recursive definition: m+s(n) 1= s(m+n)

2485 =7+5(4) = s(1+%) = s(¢) = 7

Dedekind's principle of recursive definition:

For a set A , € A and | A— A, then there exists a unigue map

e No=> A with £(0) = o and  £(s(m) = h(§(0)).
SN IR IS
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Start Learning Numbers — Part 3

Natural numbers: lNo = {0, 1,1, 3,4, }

Each N € INo has a unigue successor:
s:Neg >N, s(r)=n+1

We already know: M + (h + 4) = (hn+ h) + /] (RD)

Mathematical induction:

INO satisfies the induction property:

Let P(n) be a property for natural numbers n  (“predicate).
1f: (1) ?(O) is True  (base case)

(2) ¥YnelN,: ?(h\ — P(n+1) s true (induction step)
Then: ?(h) is true for all neN, (Vh : P(n) is true >

V0000200000000

n n+d
(base case) (induction step)

Proposition:  For all k, m,nh € No' we have:

(k+ M)+ n = k+(m+ h) (associative law)

Proof: VUse mathematical induction.

?(h) Is given by:
YkmeN, : (k+m)+ n = k+(lm+ n)




Base case: ?(O) means Vk,me INO . (k-l- |m) + 0 = k + (lm + O)
p_\r_\/ (W g

K+ m m

= Vk,lmelNoi Ktm = k+ m true

Induction step: (Vne N,: P(n) = ’I’(M/D)
Assume T(n)is true.

?(\M-’D means Vk,melNo . (k+ |m) + (h+4> = k+ (w, +(y,+4)>

(RD)

Left—hand side: (k+ m) + (‘”*’D :((k+ m) + h> + 7
Pn
:7(‘( * ('”' + h)) + Right—hand side

RD RD )
(:) k +((vw+ n)+ /l> (:) k +(m+(:+4)>

m+(n+q) = (men)+1 (RD)
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Start Learning Numbers — Part 4
Natural numbers: lNo = iO, 1,21,3 ,Lf, }
Addition + is a map N, x N,—> N_ with:
e m+ 0 = m (neutral element)
° (k+ m)+ n = k+ (m+ n) (associative law)
@ MmM+h = N+ m (commutative law)
Ordering: We wrife h< m if: _./._\./._.\.
0<1< L3¢t <§
3k€h\lo= Mm = n+k S /

And we write N<im if: h< m N h+# m

Properties: 1) n<n (reflexive)

(2) If n<m A MmN, then nN=m (antisymmetric)

(3) 1f néﬁ A ISV\O, then n<m (transitive)

Proof: Assume n éﬂ and IS\M are True. So:

Hkﬁh\lo: X:\n+|<4 and Hkgh\lo: \m:£+l<zave’fme.
Therefore: m = f+kl = (\n+]<4) +|<1

= Y]+(](4+l<1> =n+k
vv::_k'e: IN,
Therefore: dkE h\lo 2 m =

— n+ K is true, so n < mis True,
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Start Learning Numbers — Part s
Natural numbers: N, = iO, 1,2,3,4, }
G +64 +4 +4 +¢ =: 5.4
.~
We have S of them
3+3+3+3+3+3 =1 £+3
b =:1-4
0 =:0-4% How can we define the multiplication?
Multiplication in Ny © map N, x N, — I,
(n, M) —>hNnsm defined by
O:m:i= (O
() em i=(nem)+ m
gg. 2= 92+2+92+2+72 (recursive definition)

b5+2 = ) + 7 +2 +2+2 +12 (Map is well=defined by Dedekind's recursion theorem)
S5+9

Properties: (1) n -(m -.k) — (h . m)- k (associative)

(2) Nem = mMm-=*Nh (commutative)

(3) 1« m = m (neutral element)



How fo connect + and - :

n-(m+k) = n-m + n-k (distributive)

O:m:i= (
(hed) s m i=(nem)+ m

(k)

Proof by induction: Base case: =0

Left—hand side: O-(m-l-k) = O v
Right—hand side: O- M + Ook = O + O ::O ‘/

Induction step:

Assume h-(m+k) =hnem+ n-k holds for n.
(induction hypothesis)

Left—hand side: (YH' 'D'(V’Yl’l'k) g) Y)'(Yﬂ-l'k) + (Yﬂ’l‘k)
R P +(h-k + m)+k

N

(h- m + m§+(n-k +k>

) (VH- 1)' m + (V]+ '])° k « Right—hand side

AL

Il
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+2 +4
/\’/_\J ND
oo o o o o o o o o =
o 1 2 3 4 5 &b 7T 8 19
N _ _ 2! N4
‘tg” -1
5-1=3 2-8 =1

(5,3
(4 2)
(3,1)

012345 Ez,'i)/

(5,37 stands for “5-3" should be the *same
oo 1 - o _ .
(4,2) stands for “G-2' 5-3 +-2 not okay

S+2 = 6 +3 « totally okay
(5,3) Y (‘r,'L) (equivalent)

Equivalence relation: We write (a\, L) no QX,)’) if:

Aty = X+b

Properties: (1) (a\, L) ~ (a, L) (reflexive)
(2) 1f (a,\) ~ (X,)’) , Then (x,y) ~ (a,b). (symmetric)

(3) 1f (a,b) ~ (x,y) and (x,y),\. (c, d), -
then (a,&) ~ (c, 4). (Transitive)




Property of N, (cancellation):
Box 2

If m+n =m+n, then m=m.

Box 0 = [(z,ﬂlz i(x,y)e N | (X,yM(L’D}

is called the equivalence class of ('Z_,'L) .

o o = [(0,0)] = [(2)] o = = [(0,0] = [(2,9)]
Box 1 = [_(4,07] = [(3,37]

Box :-2 = [(O., Z)JN

Box 2 = L_(Z/ O)JN

Z 1= set of all boxes (equivalence classes)
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Start Learning Numbers — Part 7
In No

G +x = 0 is not solvabler No “inverse* of &,

Z o= {[(Q,L)]N | (al)e IN'f,} =t INY /.
with [(a\,L)]N ::i(x'y) ‘ (x'y)N(a\,L)’g

and (x'y)N(a,L) = X+L=a+>/

[(0.0]] =: 0, [(o, 0] =:(-1),
I-_('LO)—_[ g ’]Z [_O ?‘)] (
[(20]] =2 '

Z=3. 00, (0,0, 1, t

Question:  Is & + x = 0,

#

now solvable? And with X :(—‘f)z"?

First guestion: How is + as a map ZFx2 —> Z defined?

l:(a,l;)JN + [(C'O\ﬂ,v f— \:(o\+c,b+o\>}w

well—defined? ‘/

: >

C
take (5D~ (1) and (61~ (cd) men  [@4)) + (0] =[(x+&,0+D)]

15 (%42, T40) ~ (arc, b+d)r



implies: X +& +b+d =a+c +b+4d

Proof: (K,'E)N(q,l.) (S>> b :0~+t§

el ~(c,d) & E+d=c+d
( (C ) <> = (K+€”E+’J>N(o\+clb+o\>

Examples: (a) (‘|'z+ 1, = [(4’0)]N+ [(’LIO)]N = [(6,0)],“ = 6,
)+ (6), = [60)) +[08)] =[] =[(00)] = o,

L—map £xZ —=>F

Properties of # together with +

(a) associative

(b) commutative

(¢) m+0, =m (0,is neutral element)
(d) For all me#, there is an element WeZ# with m+H = 0,

(Z/_, +\) is an abelian group
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Start Learning Numbers — Part ¢

2=, (0, (0,0, 2, ]

Zz — L(glq_il Y think of ‘é-('f‘ | ”
~ think of I(a\—L)-(C—o\) = (ac + bd) = (ad + be)

e’
L(a,L)]N g E(c,AﬂN P = [(a\-c +bed , acd +L-c>]~

The multiplication is well=defined,

L map Z_ x# — s
Properties of # together with

(a) associative

(b) commutative

) 1,om =m (1,is neutral element)

(d) distributive
Examples: (a) q,z . Zz - E(QIG)]N. E(’Z_IO)]N — [(LI"L +0-0, G.0 +D-'L>]N = 82
(b) (-4),-0), = [(O'L*ﬂ,v' [(o,zﬂN = \:(0-0 +G¢.2 01+ Lr-o}l = 4,
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Z=3.-3-1,1,01,1,34,.]

/\ ratio: 3:1 or 3% o 1:4
\/ fraction: % + i'+ =1

Solve (,l— x =1 7- ~~> We need inverses with respect to

Works the same as (IN“ +) A~> (Z,'l')

For (c, o\‘),(a\,l:) e F xZ\io} define:
(o\,[a)fv(c,co by ard = ceb
)

-1
5 (Nan 'Oz

*—o *—o oo
- 0 1 3 4 5 6 7T €& 19

N e

@ (= (Z‘_ X Z\io&)/\/ = i[(o\IL)]N \ (a,l) € #x Z\iog"% rational numbers

Examples: i(q,l)j i(gl3)j’u = [(2,1)j|~ = ?_@

i(_DI_Sj: = E(3/3)-: - h(3/'1)— ::3(& , [(0’8)],\,: [(0'151\, :’OQ

N - ~ e

- _
_(_3’3)-,\,: [(_3'1)],\,::(_3)@ We get all integers back:

[(2/3)]5[(4,4)]“ =: (‘1?)@ r~=> fractions

~—~

oo [~
)

—+ |~

N~—

Definition: I:(O"L)] — G‘T
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=14

ac | LGZ\{C@} : O‘T=% & ad =cob

Multiplication: fz ) % . OLj\ oll—defined:
For a4 0, we have: %-% = OL..E; :_%— — '1&>
Solve: l{—- X = '] Z In @ : —(’I{‘ X :—14— is solved by: X :_4;
Property: (@\i@d& ; ') is an abelian group.
How to define the addition?
We want the distributive law: ﬂ
i+_c_:i_i_+ _C_.i__i_l__c_:_ i__0\+C
T 1 A 1 4 ~ \1 1) A ~ 1

should be defined by:

o ,c _ &4 4 _c. b _ o4 1 c.b
T U H s R S U B vy S R
<a-o\ c-L) 1 a4 + Ctb
= + — > — =
1 1 b-d. L4
Define: i+ = — 44 + Crb well—defined:
L A L. A

Proposition: The set @ fogether with the operation +4and esatifies:

(1) ((D\{ -I-) is an abelian group

(2) ((D\\ioa;]ﬂ , -> is an abelian group ﬁe\d

(3) distributive law
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@:{‘*T an,LeZ\M} @ < @
5\

i :
1i { Z We need to define it

-1

o__
i
Wi

Definition of < for %: For Q,Lé #, we write o<b if erh\lo: a+ k =b

1

Now: — < 13 because 3 < ‘I’

t

Definition of < for @: For L>0 and 4>0
a4
L

< defined by  a-d < c-b

<
A

Properties of < for @; (1) Ordering: reflexive, antisymmetric and transitive,

(2) For all x,y,ze(&: It x <y, then x+2z < y+2

(3) For all x,y,ze (Y =0 andx < ) then X2 < y. 2

() Total order: For all x,y (), we have X < ¥y or y < x,

(5) Archimedean property: For all x,e € (3 with x>0 and € >0,

we have: hE‘,Na: N-€ =€+¢+¢+ - +£€ > X

i ——— : % >
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Start Learning Reals — Part 1

g-> Real numbers [R

Starting point:

@ is the set of fractions ~—=> field and Archimedean order <

X>0 , X<O0
i >
Absolute value: For xe @ define: |X| — : i K=0
-X if X<0
+]x| +x]
NN N
| T | 7
A 0] X
How far away is x from O ? ~> |x]|
Problem: There is no xe (3 with Xl =1
_ 14 _ Ea 1 49 .
=t =5 > K ae Al
_ ¥ P (R ETY
XL'T@E > xt‘ 10 060 ~
1444 T _ 8%
X3 ~ oo > X = 2soooo"”z’
distance: ¢9 299
14141 Lo ALY
X"’ - /loo_oo > Xl’ ~ 25 000 000 Nz’
,x;_ “ 14 U T 49 939 399 2%
As = 700 000 Mz A = X

10 0060 000 00O



We consider a sequence (x"')heu\] (infinite list; formally: a map N —=>Q , ni> X, )

with the property:

Vee@ 3NeN Yomel : (£>O A nm=N =>|xy.—xh|<s:)

In short: \V’€_> 0 ENQ_N Vh,m >N : |xh_x|-|<€ (X)

e o—o—b—om} >
X1 Xl -
€

Cauchy sequence: seguence (x“)mm with  X,& QA and property ()K)
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Start Learning Reals — Part 2

Absolute value in (3 |x-y| = |x|-lyl (multiplicative)

|x+>/| < |x| + ‘)/I (triangle ineguality)

Cauchy seguence: (XD with V€> 9, ENQN Vh,Yh >N : |xv,_x|,.,.|< £

he N

with dac @ V£>O ANeN Yo =N : |xh—a|<e

Convergent sequence: (x Dhe N

A is called the limit of (xv)

he N

€ neighbourhood of &

— ; t—t of\_} :::m:;::;n:)

i
EXN o A+ E

V

Example: (%)hem is a convergent sequence with limit a =20.

Important fact: Cauchy seguence <:: iy Convergent sequence

not correct [ but in IR

triangle
ineguality

Proof for <: xh—xm| = lxh—a+m—xm| é lx,,—a\I +|o~—x,,,|

Let (X.,)hgm be a convergent sequence with limit o .

Let €> 0. Set C\::%>O.

Since (X,,)hgm is convergent, there is Ne N such that:

Yn >N : |xh—a|<£:’

Therefore for all n,m> N

- ~ ~ ~x AR s Cauchy
"= A l 1 l K a\\| + If‘/\(\""‘\/‘ < Z € =¢ —> (x")hGN sequence
<¢g <&



Axiomatic solution: A non—empty set R together with operations 4, . and ordering <

is called the real numbers if it satisfies:

(A) (rR T, O) is an abelian group

(M) ([—R\iO% , ']) is an abelian group (1#0)
(D) distributive law X(Y +1) = Xy + Xt
(0) < is a total order, compatible with + and * , Archimedean property

- £ x>
(C) Every Cauchy sequence is a convergent sequence, |x|:= i Koo X2 0
-x if X<0

N
>
The complete, whole, full number line IR
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4 ¢ > Start Learning Reals — Part 3

~N
>
complete number line R

Axioms ot the veals: A non—empty set R together with operations + , « and ordering <

is called the real numbers if it satisfies:

(A) (r\{( t+ O) is an abelian group

(M) ([R\iOE L /I) is an abelian group (1#0)
(D) distributive law x-(y+ 1) = Xy + X2

(0) < is a total order, compatible with + and * , Archimedean property

X if X=0

(C) Every Cauchy sequence is a convergent sequence. || ::{
X if X<0

Important facts: There is a set with all these properties  (Existence) (Construction)

see next video

and it is uniquely determined by these properties,

(Identification/
(Unigueness) Isomorphism)
Show: For all xe[R , we have: (O+x = 0 (X) (by only using the axioms).
Proof: (A) _ 0
0=(0"x)+(=0-x) =((0+0)x) +(=0-x)
(D)
(O x +0+x) +(=0-x)
(A) (A) (A)
= O-x+(0 X -I-(—O x)) Ox + O f| O x
associativity inverse neutra
Show:  For all xe R , we have: (— ’D X = —x (by only using the axioms).

Proof: (A)

x_O+();Ox+(@2WWDW+@@

neutral inverse

(D) (A)

(’l)x+’lx+(x) (—’D-><+O = (1) x

neutral
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¢ s Start Learning Reals — Part 4
Construction: @ N> (R (Make every Cauchy sequence convergent)
N
°
0 4 -
3 number line

Segquence: %— ) —/L— ) 17 ) —13—, 1? ) 13- ’) A~ Cauchy sequence and convergent with limit %

Segquence: (03 0.33 0.33% I 7/\/\? Cauchy sequence and convergent with \imi’r%

L~ ! e~ / ——
3 33 333
10 100 1600

E = i(x‘JNIN \ VV\Q\N  X,€ @ and (x")helt\] Is a Cauchy seavuenoe’ﬁ

For Two elements (O\“)nem | (L“)neu\]’ define:

(O\"‘)hGlN ~ (L")helt\] (> (o\h— L"')hGIN convergent with limit (0

=> v is an eguivalence relation on t (reflexive, symmetric, fransitive)

=S equivalence olass [(xh)mm] L= i(mmm ‘ (A ™ (K

Definition: R = E/N — {kx")“e"“],v \ (X ey € Zf}

L(O\“)"E'Nil,\, + L(L,,)WN]N L= [;(O‘"""L")nem] (well—defined)

N/

B‘mnem]/v . [(L,,)MN]N = L(a\,,- L“)WN] (well—defined)

A

l;("‘w)ngmilm < I;(L")nen\]]/\l = 35>0 ANeN Yn=N: S<b,-a,

a \
e - >
1
3

O\q i
number line



Properties:  (A) (rR T, O) is an abelian group

(M) (R\iOE , ’]) is an abelian group (1#0)

(D) distributive law X-(y+ 1) = Xy + X2

(0) < is a total order, compatible with + and * , Archimedean property

X if X=0

(C) Every Cauchy sequence is a convergent sequence, || ::i oo
-X i



The Bright Side of Mathematics

The following pages cover the whole Start Learning Complex Numbers
course of the Bright Side of Mathematics. Please note that the creator
lives from generous supporters and would be very happy about a
donation. See more here: https://thsom.de/support

Have fun learning mathematics!


https://thebrightsideofmathematics.com/support

N | S The Bright Side of Mathematics — hitps://tbsom.de/s/slc

Start Learning Complex Numbers — Part 1

Number line [R . " .
-1 0 {7

— field +
— ordering < (Archimedean, compatible with+ and: ,.)

N
L >
N"

_p)LD °

— complete

One can solve a lot of equations:

X+S =1, X+x=-1

x5 =1
Xt =2
We cannot solve: \,Y)im = - (because Xt = 0 for all xeR and -1< 0)
XX
N
-1
e E
—Z 0 /2_ A X ('f' R
\ /
’ ~ - (—4) ,//
X (1) L= -1
X L‘X
® @ ¢ ° >
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Start Learning Complex Numbers — Part 2

N .
Qi | RX\R ::(R

+ addifion

. multiplication

() = G )

\

Multiplication: For (i:),(é)e Rx R, we set: <):<4\) .

()

Why?

(x;% ~- X'V

1 fod + Xq'YL

0 . .
Short notation: (i‘) =: X, + LX, , <4v = 0+11] =1
1

Calculation:

Check: L

Properties:

field

we want

distributivity we want //_'1

(X4 + L'XL)' ()/4 + L’}’L = X%t L'XL')/q + L‘Xf)’L F i Xy Ya

= (rn= 57 1 (o #1n)

=0 (50 = (0) e =

1
We write (l: = lR when we have +and «drom above.

(([: , + , O) is an abelian group (commutative, associative, neutral element, inverses)
N
M0+i0

(([:\5{0}/ o , /I ) is an abelian Group (commutative, associative, neutral element, inverses)
N .
1+L-0

distributive law

no nice ordering < like for R
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Start Learning Complex Numbers — Part 3
X, .
2= X+LX &
/ K s
real part of 2 imaginary part of 2 ) "
Re(z) Im(2) length, absolute value, modulus
| 2 L
2] 1= Re(z) + Im(z) €R
Xy
Reflection: &
complex conjugate _
S 2= X, + LX,
x1 .
ZzZ =X+t L‘(—XL> = X, — L' X,
z
Caloulate: 2-Z = (X, + LX)+ (X, = L'x,)
= X}+ X (=1 %)+ L Xy Xy = - xt
= X +% =lel’
Polar coordinates: X, 2 length: | Z|
angle: €10,lw
AN pelo.2m)
x1
[ accYan( 2
ACC ton | — , Xy>0 , X,>0
X4
a _
3 ; X4=0 , X,>0
argument of 2: \FZ X
arc om(—t>+’|‘|’ . X, <0
1
3 _
.  X,= 0, %<0

Xy
o\rcl'om(TerZ'.\r ) X, >0, x,<0

1

2=+ % = |2l (cos(f) + i 5in(9))



Example: 2=23+13% , 7=3-13, 22 =3+9 =18

= |Z| = JTI = 3-{¢ / ‘-F: QFCJrah(BT) =

later .

= 2= 37 (cos(F) + if"”(%f) = 37 ¢

GESE



