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Exercise 1. Vector space of step functions

Show that the set of step functions S([a, b]) is a real vector space, which means that
for any ϕ, ψ ∈ S([a, b]) and λ we have λ · ϕ ∈ S([a, b]) and ϕ+ ψ ∈ S([a, b]).

Exercise 2. Properties of step functions

Let ϕ ∈ S([a, b]) be a step function on the interval [a, b]. Show the following:

(a)
∣∣∣ ∫ b

a
ϕ(x) dx

∣∣∣ = ∫ b

a
|ϕ(x)| dx

(b)
∫ b

a
1 dx = b− a

(c) (b− a)minx∈[a,b] ϕ(x) ≤
∫ b

a
ϕ(x) dx ≤ (b− a)maxx∈[a,b] ϕ(x)

(d) For any c with a < c < b, we get:∫ b

a

ϕ(x) dx =

∫ c

a

ϕ(x) dx+

∫ b

c

ϕ(x) dx

Exercise 3. Pointwise limit of step functions

Give an explicit example of a sequence of step functions (ϕn) in S([a, b]) that con-
verge pointwisely but where the pointwise limit is not a step function anymore.

https://tbsom.de/s/ra

