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Real Analysis — Part 3¢

Examples: (a) 5 R— R , fx)=x = 53: R— R, ,f‘(x) = 1

(b) §: R—> R, £x)=x" = x-x
product rule: f\(x) = %1+ 141X =2-%

T

) & R— R, £x) = ¥ = X+ %

product rule: §() = X1 + Zx-x = 3

(OI) }: R%RI E(x):xh , ne[N
?(’O = n.x"" (proof by induction + product rule)
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(e) §: R— R, JC(X) = O X+ O X 4 e+ 41.X1+0\0
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(£) power series: J[(x)

Geveral vesult for power series: Let §: (-r,r)— R & f(x) = Zak-x ,
k=0

be a power series with radius of convergence r> 0.

(1)

cxk-x" is uniformly convergent on each interval [-C,C—] < (-r.r)

N

n
( sequence of functions ﬂhf [—C, C] —> R ; jh(X) = Zak-xk is uniformly comvevqevﬁ)
k=0

(2) Zak-k-xk'1 is uniformly convergent on each interval [—c,cj < (-r,r)

n
(s‘eq,uemce of functions j\hf [—C, c] —> R | j‘h(X) = 20"" k-xk-q is uniformly comvevqem’r>
k=1

) 5\(X) = Zak'k-x“'1
k=1

Prootf: (1) ||S - 9, ||°o “ Zak u — s'u[r li | Zak_xk‘
SuPYeOr:wE_soz]m‘ﬂ k=h+4 0 X€ —c,c] N->oo k=n+4 coms’raM \1|<1
, A —ineguality N o0 oo \/
k
< sup e Silall £ Sfalc < 85
X€ —c,c] N-> oo k=n+4 Ck k=n+4 k=h+4
\l/h—>oa
By assumpTion ZQR-FI‘ is convergent for C <F<r,
k=0 k 0
Hence there is B with :B > l&k-Fkl = |Qk|'Fk = |Qk|'ck- (%)
= 39" 2a/-! T’

(2) Same proof as in (1) because the radius of convergence is the same,

(3) Pointwise convergence of functions + uni{:ovm convergence of derivatives:

Pa” ~ JC differentiable and 5 x) Zak k.t
\ K (%) oo new k
Examples:  (3) el \ 1 k-1 4 k1
exp(x) = 2 =S exp (X)) =S —/—kxT =N A—x
fl f:', = el ; kI ;(k-m
_ i X (x)
- k) — exr X
Zn.+'1 X o _ 7
(b) sin(x) = 2(1 o => sin (x) = 2(—17 (ZWM)!(ZM)-X
= i Im
= Z(—D : (—2;3' X = cos(x)



