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Probability Theory — Part 1

(Stochastic, stochastic processes, staftistics,..)

Probability measures Random variables

Central limit theorem

Probability distributions Random processes Statistical fests

Example: @ Probability of getting an even number?
1
A-uae, PA) =7

number of throws with an even outcome 1

v
|

number of total throws Z



Probability Theory — Part 2

Probability measures: measures with total mass = 1

Q area = 1

sample space R
! ’. . Ay
subset A — I col\ec’fion of subsets

subset B 7/
We want: o "9(_0_) = , [P(¢> =0

P(A) e [o,1]
P(AuB) = P(A) + P(B) ¥ A, B are dlisjoint
G Ang - 4
. ( U A;) = Z P(A)) i we nave paivwise dlisjoint sefs
> An AJ"¢ For L4

- power set

Definition: Let CL be a set. A collection of subsets ¥ C T)(_QJ is called
a sigma algebra if:
0/ \ (a) ¢ ] .f)- c \A’
— algebra c
J ) ¥ Aed, then Ai=N\Ae

clements A€ _
are called events  (¢) If A, Au"— e & , then }!1 AJE' &

Definition: Let \A(_C_ KIJ(_OJ be a (—algebra. A map I: \Q« —> [0,1] is called a
probability measure if: (a) nﬂ(_ﬂ_) = / “)(¢> =0

(@)
(b) “3(}_) Aa> — Z‘F(A‘D
=1 J:
if we have pairwise disjoint sefs QA;_n Aj= g o ;,ﬁ)
Example: @ 1 Throw: () :{4,2,3,9,5,6:@

\&( - T)(_Q—) /wumbev of elements in a set

Pob >, PN = o

For example: “3(1[%) — Z ' [P(iz,q,ﬂs) - }Z— - j'z

Exercise: Prove: F(A) 1 - [P(A)
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Probability Theory — Part 3

\ ’
-00-
4 [ s

events torm
U’ —algebra

o

QL

sample space

!
(absolutely)
contfinuous case

/

discrete case

*finitely many outcomes*

*countably many outcomes*

Q..

'Y

*uncountably many outcomes"

P

[0.1]

.
(

U’ —additivity:

mixed and
other cases

>

p(JA) = S;P(A)

if we have pairwise disjoint sets

(abs.) continuous

discrete
sample space L1 finite or countable set sample space (L < [R" uncountable SLQ:_B(R")
(Borel set)
(Example: (L ={Heao|s, Tai\s} , L=N) (example: L ={0,1])
UF—algebra \A = ?(ﬂ) —algebra \A = 3(_0-3
probability measure ﬁ)’ \p‘ —> [_011] probability measure ﬁ’T \A —> [_011]
is completely determined by W(a&l}) for all we L1 can be described by
ftO=0

>
probability mass function: (P“)we_(). with Pu = 0
21Pu =1
weld
Define: )P(A) i Z PU
we A

Example: (L = %1,2,3,‘!,5, 613 unfair die

_4 A L R _ 1 4
f*'10 fl"To r3'1o Pe =70 PS“% PC‘T

S
W(‘H,ZJ,Q,SX) = ZPU :S1i0
w=1

1
D

probability density function: 5: O— R with

A jf(x)Jx =1

measurable! s

vefive:  JP(A) := Aj—f(x)Jx

Example: Q) = [0;7-] E ]
throw point into interval
$: >R with =1
1
Hence: éf(x)(]x - 17.2 _-:1
F(A) J— jf(x)dx = —1£- \5_1 Jx = ji-l,ebesque measur e (A)
A A

P(Lat]) = 4(b-a)
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Probability Theory — Part 4
@ Coin fossing: H, T
Probability for H : PG_@ N [0,1__\
N o
LS 01,2,
a+b a,bei 1 }
(Fair coin: p=1)
/ o fimes H Drawing a ball
“Va L times T o
®(%)® PYObabl\l‘\'lé ‘FOY ®I F = O\Tl,
b
In both cases: QO = iH T} H%) = 0\_+l: ) ﬂ)(iT§> = o
\/y\/
|° 1-p

Binomial distribution: e 1) tosses of the same coin and counting the heads @©%

(no order!)

®0O
©®

» draw 1 balls with replacement and count the heads

o size 1 , unordered , with replacement

{

0O = {Ol 1,2, ... / h} , ﬂ)(ik}) = (1) Fk (1—P)h-k fwo parameters (h,P>
HJ ::B(h/f’> :Bin(h,?>

s /\
7 7N

AVA BV \ / \
e H// L s
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Probability Theory — Part s

Probability space (_Q_ ; \A/ [F>

~> (-O*h/ \Ah/ [Fn>

Example:  first throw a die

sample space (—algebra probability measure

he {1,1, g

§] then throw a point into the inferval  F 3
-1 !
possible outcome: (3 ,%) probability?
First probability space: (_(1“ \A” P )
P TR =X 7
ke A
Second probability space: (ﬂz/ &, P )
e B P = §% dx
SLN -~ event A
new probability space
> (ﬂﬁﬂl,v(\A,xxA‘b ,P)

P(¢233 = (10 =

1

product §-algebra  product
measure

P satisfies for AqC\Ai | A,LC \A41

P(A,x A): RUA) - BLA)
R(23) - R(Ero]) = L4 - 4



Definition:  Probability spaces: (), , \Ah, P ) , he {1,?,, 13

Product space: (L ) A , [F) defined by:

Q = ﬂ1xﬂzx--- -—_n__ﬂ. (e\emevﬁs (Lo W, ,))

JEN
= U’(“ cylinder sefs )
C Q% A, x O x e
A,‘ x_Q_z X _O_axﬂ‘f X oo

PVOO'MC‘\' (—algebra

d product measure

[F(A1 x AL X x A\m xﬂhﬂx ﬂh*tx ) :“3( A,‘»'IE_(AJ--"'IE‘(AQ

Example: @ throw a die infinitely many times: ( )

iy P(m N0 =§A}—

Product space: (L = -O-a Xﬂo Xy \A = product (-algebra / [F product measure

A€ \A event: ‘At the 100th throw, we get a six for the first fime"

99 times

P =B({})- - - B0 B(EE) = B B (1)~ -5)
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Probability Theory — Part o

Hypergeometric distribution (multivariant)

size 1, unordered , without replacement

{

d n balls at
urn model %%O% raw alls at once
Ao e ouve: fin
0000) colours: finite set d
('Fov example: C: g io,,\'y_' 1)

(one possible outcome: @ @>

s L
} => function _— |No or

(211,)

Sample space:

Q= (e N | Ske-r

ceq

For our example: () = {(ko, k, ,k,, k) € N:r ‘ ko+k,+k,+k, = hj

NC = number of balls for colourc in the urn

= ZNc fotal number of balls
ceG

No : N, . N. '
P(5(k,, k. ke, k) = (“>(k«8N(;>< )
vari i n ‘||’<Nc‘>
(multivariant) hypergeometric distribution: i( )cec,)s> M
(")

Hypergeometric distribution for two colours: = iO 1} ;N + N, = N

@
count the @s : () = {O (N (,: I;D @(;)g)g
()

P. P — (o4 , P(IK)
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Probability Theory — Part 17

Conditional probability: (_Q., \A, [F) probability space

subset :Be\A — B
P20 A M
QL
v B A
=—> new probability space: ( \AK, [P\)/ W(A) _ “)( )

only Ae d with A= 3B IF( )
" PA~B)
=—> new probability space: \A/ [P _
> P ¢ 5P U A) = P

Definition: (_Q_, \A, [F) probability space ; De & with 'P(:B)-‘F 0.

P(AnB)
P(8)

is called the conditional probability of A under B

P(A]B) :=

nJ(. lB) : A —S [Ol'ﬂ is called the conditional probability measure given B

Property: (IJ(:B IB) = 1 <Fov [P(:B) =0, sef W(A|B>=O>

Example: urn model: ordered, without replacement /"\A First ball

/\ econ a
Ci={g: 7§, Q=CxC ool
\A‘ - ?(ﬂ) OOOO possible sample: (0,0)
[k given by probability mass function
PI(9.9)3) = % /N3
P(1(9,0)3) = % / \
Pi(r93) =2 72 SV
PLI(r.03) =0 ®

event: B = *first ball is green* = i(j'j)' (j,l’)’g

PliCs.} 13) = PlileNSaB) _ PUE(s,03) 4

PB) P(B) 0

4
3
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Probability Theory — Part ¢

P(BnA)
[P (A)

P(AnB)
P(®) ’

Bayes's theorem: [P(AHZ) — [P(Bl A) —

=>| P(AIB) - P@® = PBIA)- PA

Law of fotal probability: (ﬂ , \A, [F) probability space
Ac & @ iy Be A
BuR =Q
P(A) Al
disjoint union
L

n)(A) = W(AI\B U AnBC> — fP(AnB)+n)(AnBc‘)
= P(AIB) - P@®) + P(AIZ)- P()

Case with countably many sefts: :B-LG\A’ for ie I €N with UBL =0
e
\.ey\/

disjoint union

PAY = PLURB)) = SSP(AB) = S, P(AIB): PG

teT eT
disjoint union



Example: Monty Hall problem 3 doors:

1119113

— 2 goafls

First:  You pick a door (1)

Second: Show master opens a door with a goat (never the door you picked)

Third: Stay or switch

C() := car is behind door j S.:= show master opens door j n the second step)

We know: lP(Sglcg) =0 / [P(Sslcz) - 1 ) "D(SJ|C1) — ‘11‘
“D(Czl SJ) _ “D(SJ |Cz) : ﬁ)(cz) _ E)(SJ |C2) . ﬁ)(Cz)
ke FLS5) b 2 PsIc)-P(E)
L e 5
_ lP(SJ |Cz)' ﬁ)f(\c‘::)“ 2
p— — _E_

=0 =’15

PlC) G, + Pele 8e) + Plojen) 85y

= 3
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Probability Theory — Part 4
Independence (for events)
3 A,:B < () events
independent?
e
@ A,:B < () events
independent:
Qo
We want: (A |j3) = and :BlA) [P( )
Example:
e m o=t e
P(3) =‘7 . P@BIMN =L
—> independent:
FP(A B) rP(Aanﬂ
Recall: (A) P(A1B) = . P(B) = IPBIA) =

v \_/

<> P(AnB) = rP(A) P(8)

Definition: Let (_Q_, \A, [F) be a probability space,
Two events A, Be & are called independent if P(AnB) = [P(A)[P(B)

A family (A"‘)LGI with A,-_ € \A' is called independent if

”D( QJA(D = _I;l: [F(Ao) for all finite &J < 1.

2




Example: @ 2 throws with order: ( [F)

//

{1 2,3,4,5, c} ?(ﬂ) uniform distribution

P(§low)}) = L
A = *first throw gives 6* = i(u‘.,wl)e_ﬂ_ | Wy =6}

R = *sum of both throws is F* = i(u“wl)elﬂ | W, + W, :7}

P(AY=1 , P(B) =ﬁ>(5_(1,é7, (2,6), 3w, (43), (5,2, (4,4)}> - —f? :'12

6
rP(An B) = 6 4)}) =— = [P A) |P( ) => A, 8 are independent
Example: F ‘[:J'\ Throw a point into unit interval (_O_ \A [F)

l’_o 1] (_O_) S uniform distribution

density function

P([at]) = S 1 dx =b-a |50 | S a>R ith J00 =1
(e b1 '

1, xelo
/[—4 indicator function: Iﬂ‘[tﬂl(x) = {/
O \\ /
o > o , else
1

0

For two independent events A , B e \A’I we have:

(1,0 dx = P(AnB) = P(A)-P(8) = jﬂ ) A ﬂux) x
o \jjﬂ.A BX) Ax — [1[ x) dx - 5’1[ x) dx //

[0,1] [0,1] [0,]
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Probability Theory — Part 10

Random variables X : () —> R with some properTies,

Example: Throwing fwo dice @ (ﬂ \A [F)
{123#94} ’P(_CD

> uniform distribution

X : (L — R | (Uu Uﬂ —> W, + W, random variable gives sum of
the numbers the dice show

Definition: Let (_O_, \A) and (_/(V]_' :AE’) be measurable spaces (- event spaces),

Amap X:(—> ﬁ is called a random variable if

X_1(ﬁ) c & foral Ae &

XQ%R | (Uuut)I% W, + W,

Examp\es:(a)(_ﬂ_, A) and (ﬁ :K)
Vi 1\ " \

{1,2,3,9,5,4}2 P(LL) R B(R)

><_1(7§\> 6(1)(_(1\ for all AC \A» > X s a

random variable

[

(1, M and (11, CE)

/

[
§11,3,4, sc} {¢ ﬂ} R 3(“0 XK&ZS) _ {(MDE ¢J§« => X is not a

random variable

XQ%R ; (Uuut)I% W, + W,

/

Notation: Let (ﬂ_, \A) and (_,(y]_l :K) be measurable spaces (= event spaces).

/\’ .
probability measure ﬁ)T \pr — [O,ﬂ X: ,O_ —> () vrandom variable

P(XeR):=P( X'(R)) = P(Jwe 0| X()e k)
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Probability Theory — Part 11

(ﬂ—:\A’)/ (ﬁ\-: :«E‘;) event spaces, X:[{L—> Q
\

/_X\
random variable

(abstract) (R,;B(m),ﬁia

Definition: Let (_ﬂ_, \A', ﬂ’) be a probability space, Xl () — [R be a random variable,

O with Borel sigma a\qebra)
Then ﬂ’x: C'B(ﬁ{) — [0,1] defined by
B(8):= P(X'(8)) = P(XeB)
is called probability distribution of X .
oposition: rl) ' ili Pis a
ProposiTion x is a probability measure, orobability measure

) {
Poof: X (R) =L = R(R) = P(X'(R)) = Mm(a

(@) =g = R®) =PX) =P(2)=0

For O~ additivity: Choose B,, B, B,,.. <€ B(R)  pairwise disjoint,

Then: L#) > X_Q(B:) n XKP’J) = X_1<Ba n BD =g
-4 -1 -1 ~2
So: X (:Bh , X (3,), X (BAC\A» pairwise disjoint,

And: Wx(g B.D = HD(W(Q 3.;)) = ﬁa(g Xq@ﬂ)
mbabﬁ‘ffmeawf\’: i POX(3,)) = i P (3.) 0



Notation: 1If rﬂg probability measure and fo = ,ﬁ\j , then X~ F .

Example: @L/F N tosses of the same coin (—0— \A ﬁ’)

ZO 1’3 ?(.ﬂ.) BERNOULLI 0s
P(4u}) = )
part 4

X(U) '= number of 1s in W => X ~ Bah (h, ‘O)
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Probability Theory — Part 12

Cumulative distribution function (cdf)

/_m
random variable (R, ;B(m), ﬁ;)
‘.F
X & ~
. R

Definition: Let (ﬂ_, B, \’P) be a probability space, X'- (L — R vbe a random variable.

DS with Borel sigma a\qebva)

T R—=[oA] , Fl) = Blo, ) = P(X < «)

(0, &, P)
(abstract)

is called the cumulative distribution function of X

Properties: TX(X) H%“’ 0 _'F)_((X) g 1
¥

>

is monotonically increasing (X4< X, => _F)_((XD < _E((XD)
. TX is vight—continuous <g;v;_{:)_((x) = TI:X(X'D)

Example: X ~ NORMAL(O, 11) probability density function
/N

cdts T (1) = {% (= gt

-

~

\%
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¢ S Probability Theory — Part 13

AR <)

fwo independents events

R

X O— R , Y . O0— R two independent random variables?

/X ( mfﬂ) x
/\
Y ] R
/\ X
_ AN
Y (o) a R

Definition: Let (ﬂ_, &, ﬁ’) be a probability space and let
X:O—>R , Y:(L—>R be two random variables.

Then X, Y ave called independent if for all K1Y € R

><_1(('°°/{D and \(_1((—00,)’—_0 are independent events,

& POT() V(o) = POC(E D) R(V ()

(= [F(X<x Y<y) = (x) ?(y)
S~/

f

X,Y)(x/ y>$/oo|f of random variable (X/Y> O —> RZ

example:  Product space: (L = (1, x (1 X: L—=>R , X(w,u) = 5‘(“4)
Y:Q— R, V()= 3w

:‘> X/Y are independent random variables

Definition: A family (X) is called independent if

for all e R

n)< X <X)GJ> T—HD(X <><> for all ﬁvn’fe JCI



LS The Bright Side of Mathematics — https://tbsom.de/s/pt

Probability Theory — Part 14

(_O_ ) \A, ﬂ)> probability space

><: (L —> R random variable

“—E(X) c R expeofa’fion of >< (expected value, mean, expectancy..)

confinuous case: AN probability density function of PX

LN

E(X)

Definition: (_O_, \A/ ﬂ)) probability space ><: (L —> R random variable.

= jx A‘n) (abstract infegral)
QL

Change of variables:

new random variable

(for example: Xt)

j jﬁ ) dP(w) fngo\n’x)()

A TS (=l X0 8

= f 906) dR6) = f 9(x) 509 dx  continuous case

X(A) X(A) et et By

o omf of By
Z ,_? X) FX ohsove’re case
e XA
e Px(gqu)



Remember:

E(X) — JXEXKX> ‘AX confinuous case
X ()
Z X FX discrete case

xe X ()

, Y
Example: X; () — R Throwing a fair die | X(“O =W

[E(X) —_—Z o 1-12+Z-1Z+...+0/.1g_ = 3.5
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Probability Theory — Part 15

E(X) := X 4P

Example: XN E-XP(’/\> (exponential distribution)

N AeNt x>0
PIA) = J§6dx , £ = !
A V\(;;hc 0 , X< 0

EX) = JX 0P = xfeone = [xnda -
QL

R - A

PYOP@Y'“@S: (ﬂ , \A/ n)> pyobabi\ﬁ'% space ><IY: ﬂ —> R ranolom vaviab\es,

were E(X) and  E(Y) exist.

@ E(aX +bY) =a-EX) + FE(Y) o at aleR

@) 38 XY are independent, then E(XY) = EOOE(Y)

© 3¢ =P, wer E(X) = E(Y)

G 3¢ X 2Y atmost swee P(Jueq|X(u) < Y()}) =1,
rer E(X) < E(Y)
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Probability Theory — Part 1

/N

//XV(X) variance?
A \}

E(X)

Definition: (—O-, \A/ ﬂ)> probability space ><2 (] —> |R random variable.

() =E(X-EW) ) 2

new random variable

E(X- 20 X + EW)')
TR - 2B E(X) + w

E(X) - B(X) e

L/
RiN——

We need to assume that IE( ><1> — sz A\n) exists
Q.

—of—variabl
change—o QZI\OG’/‘S v(-xl.gxbo a‘x continuous case
X(9)
(3
X - Fx discrete case

xe. X (o)



Examples:

(a) >< ~ Uniform (ixn X, .., X,,}) discrete case with 'PX ({K}) = 1h_

IE(X) = jx dP = i X; ]’PX({XJ@ — _15 Zhll X avif:]rzae:io
* . T
Vor(X) = ) (X- B 4P = 3500 R 5D
= 1n' : (xr?)l

J
®r X~ Exp(/\) (exponential distribution) E()() -1

E(XC) = xtap = 2 finds ng:{“’“‘ x>0
Q.

R

0o intfegration by parts

1. % AR
:_S‘X-')\e)‘xdx — %

0

1

Var (X) = E(X) - E(X) = &



BECOME A MEMBER

ON STEADY

Definition:

Examples:
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Probability Theory — Part 17

standard deviation

is called the standard deviation of >< .

(X

= ,! variance

(_O_, & n)) probability space | ><1 (L —> R vandom variable,

2
where 5 x MP exists,  Then:
QO

) =

Nar(X)

7 (X) =

LECX) - ()

>< ~ Uniform (EX,, Xy ) s Xh}> discrete case with

g=1

IPX ({XD = 15

>< ~ Normal (/%1 0”l> continuous case with pdf

L
4 (52)

E(X) = P
(X)) = ¢
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Probability Theory — Part 18

Properties of variance and standard deviation:

Let X, Y be independent random variables where ,E(Xz) and IE(Y1> exisT,
Then: (a) Vav(X+ Y) = Vav(X) t Vav(Y)
(b) VaV(?\'X) = 7\Q-VaY(X> for every ’/\€ [R

@ T(AX) = [A[-T(X)  For eves A€ R

oot @ var(x+Y) = E((x+Y)) - E(x+Y)?
= E(X+2xY+ YY) —(lEOO + \E(Yﬂl
= () «2E(xY) + E(Y) - EX) - 2EOED - Ely

N/

= var(x) + var(V) + 2 (E{1Y) - EOOEM))

(b)

var(2) = E((ax)") - E(x)’

= 7: Vav()()

(c) ()

V(?\XB = &Var(?y)() = |/)K‘U-(X>
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-0~ Probability Theory — Part 14

Definition: (_O_, A, lP) probability space , X, Y: (. —> R
random variables <(E(XZ>, (E(YZ>>

are finite

cov (x, V) = [( (X - EGOK{Y - 1))

= F(xY - XE() - YEW) + EQEN)
= F(xY) - ¢E0OER) + EQEW)
= E(XY) - EWY)EK)

is called the covariance of X and Y

Remember: X{ Y independent i\':> Cov (x/ Y) = O (X, Y unoowe\afed)

only in special situations

line avnm

(for example: X, Y normally distributed)

Property: COV(X,Y>1 < COV(X,X> COV(Y,Y)

Definition: — COV(X Y) 1.1
e g e < C

correlation coefficient

Example: () = {O\,B,Ck , ﬂ> uniform on L < PQO"D = HDQI"D = [P( “3) = %_>

XY:Q—>R ., Xa)=1 X&) =0 U— 1
Y(a)=0 Y(&) =1 Y(e)
= XY =0 [E(X\) =0 => Cov (X, Y) =

Independence? ﬂD(X < Xy Y < )’) = ﬂD(X < X} ’ W(Yé )’\) for all XY

o p(fel) = P({eh) p({act) 4
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-O0- Probability Theory — Part 20

X: N — Rh random vector

:> X1: (L —> R vandom variable — >

projection to
first component

XN "

marginal
distribution

(R,30), %)

x’l

Definition: ﬂDX = (HJX)T is called the marginal distribution of X
1

with vespect to the first component,

I:)(1U:) = Wx&(‘o"/%—.‘) marginal cumulative distribution function
= Pl Gon, ] x Rxoe x R)
= P(x<t, xeR,.., XeR)

Two important cases:

h
(1) (abs.) continuous: ﬂ)x has a probability density function _5: 1 [R —> [R

X
projection /\_
A— -
projection
N—>> —
t t

}x ({-’) - ka&x (‘t, Ay Ry 0-vy X,,) A(X-L ey )(,) marginal probability density function
1
‘Rh'4



(2) discrete: HJX has a probability mass function (rx)xem“

(only countably many are non—zero)

marginal probability mass function (ft)telﬂ with

Pt = z r(tlx\lx.‘ll'--/x”)

Xy, %,

eR

2
Example: X'. (L — R uniformly distributed on A

Sy (%) = {2 , (ex)e A h\
O / (:X,,XL)¢ A

£ 1

o0
marginal probability density function ‘S:)(,(JC) = j gx(t,xﬂ CAX.L
~ 0o

N
Gt
o °:?:-:
S
-~ '_X
c—)\
™ o
l;;\ M
—_
3
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conditional probability: 3
SERRCT R D

is probability measure (fI)(B)>0>

Definition: (_ﬂ_’ \Px, ﬂ)) probability space, K€ \A' with ﬂ)(3> >0
<:> (_Q,\#(, ﬂ)( IB)) probability space>

For a random variable X= A — R, we define:

IE(X) = fX OHP (expectation of X))
e

IE(X | B> = JX OHP( ‘B) (conditional expectation of X given B )
0

P(A0aB)

Remember: fP(/H:B) -
E(X[8) = ﬁ ijjouP 4 P()
o =) ijBoHP

E(1;X)

ﬁ)(?)) indicator function: jLB(w) i ’ MCB

i N\
1

Example: X ~ NORMAL(0,1") , 5‘)((") -Le I _/-\_
B:{X>O}

5




= 1— u W (N} = 1— _1X X X
IE(X|B) - P(3) _([591'_3(> MP() () QX%SE(BA

- 50 fgx(m - J“”"‘%(e>

(S Vo Y/
=1

General example: |E 1 |3> = jﬂAAP \B> = J AP ‘B> = (P(AlB)

Example: Throw one die: xi a— [R / 3 = iX:S,X=é}

4 _ 4 (X =x
E(X]3) i J{X P = o) XE;,‘X P(x=x)

1 N _
_ (g_+éc>_L_§.§
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Recall: X: (0 —> R discrete ;, B event with W(B) >0
E(xI8) = [xdP(18) = S« R(x=x18)

Consider Yﬂ —> R discrete B = iY = )/l .

/joim’f pmf of Xand Y

rPX:XandY: )}
Define: S‘(Y):IE(X|Y=)I) - ZX ( [P(Y:}/) y

X

N ST\
ST ) I

;(Y) . (L —> R is called the conditional expectation of X given Y

and denoted by [E(X]Y)

Example: die throw, (L = i""":é} , Xi aQ — R checks if number is even

X(U) - {(1 | ue{’t,‘t,él

0 , else

Y: O — R checks if number is the highest

M) = §1 0 8=

! 6\56

P(X=x oa Y=0)

E(XTY)() = [HXW:O) "2 -y - € =5 wedyus)

P(X=x s Y=1) L w={
-\ X =1) = E X -6 - ]




1 1
Definition for (abs.) continuous case: (X, Y> ;. (L —> R™ with pdf }(X,Y): R— R

= Ex|y=y) = [ Jwbr) g

SN

conditional density

IE(X l Y) = 50() = 9° Y s called the conditional expectation of X given Y

Properties: (a) X,Y independent => {_E(X‘Y) = LI:(X‘) and
E(xY]Y) = E(X)

“VEMXIX) = X

() E ([E(X | Y)) _ EOQ (Law of total probability)
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Stochastic processes: « *random variables in a row"

« random experiment with time evolution

(discrete timesteps, continuous time)

board game: 1 o o
N9 T A NP Hr 2 2 S D

coin game:  toss a coin again and again until two successive heads occur

Xh" @/@3"\‘%{0!'\/2}
Pt { /1 X

no two successive heads two successive heads
in tThe first n tosses in tThe first h tosses
and Nth toss is "tails®

ne N

no two successive heads
in the first n tosses
and Nth toss is *heads"

Definition: | cet (of’ren T=N, T=% / 1 = R>

For each t€ | , define: Xt: (4 — R (random variable/ vector)

Then: (Xt)eeT is called a stochastic process,

For wel : the map | — rR is called path,

t = Xt("")

Example from before: /%\ /L:\l />
1
>
1 @ @ @4
1
P N

C{@@) — {o1]
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Definition:  Let (Xt)(z T be a stochastic process with T = Z# or TC< R
€ VY—\/ \_—Y\J'

discrete—time continuous—Time

We call (XQ&T Markov process or Markov chain if

for all V'CN, {34,{7,,;-.-,'(314,166—'—, £1<tz<--'<th<t,

and XUXL/---/XM/XGRI we have:

ﬁ)(xt: x| th Xuxtf SRRy Xt,,: x,,)
= fl)(Xt: X |Xt,,: x,,)

0N
for discrete—time Markov chain: @ /@
depends only on X, , X, ¢,

Py (kiket) = lF()(kH =y | X = <)

( transition probability ®/—N®
from x to v at fime k
>/ fime =k fime = ke/

1f [)xly(k,lu’l) does not depend on k, then we say:

the Markov chain is fime—homogeneous




Example: foss a coin again and again until fwo successive heads occur

o (®.0] Hio”\ﬁ

no two successive heads

in the first n tosses in the first h tosses
and Nth toss is "tails"

two successive heads

no two successive heads

in the first n tosses
Fo.‘ and Nth toss is "heads"

) (7))

; Po,o o, Po,2
P1,0 ~> ?: P1.0 P‘:‘ FV"

Transition matrix Puo Pia Pac

e
O
=~ e
el

11 0
L 1
Here: ? = 1L 0 %
0O O 1
one time—step y /N
Start the game with 0

4 = (4,0,0) ~—>

—0
1
—
~ )=
o b
~
(&)
~—

one time—step

~— 9= )

ﬂ?‘ = c\‘ (P (vector—matrix—multiplication)

n
~> h _ o (P \_— Law of fotal probability
\
(0,0,1) L
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stochastic process: (Xt)(;eT L subset of Z or R

discrete-time Markov chains + time- homogeneous

depPenhds only onh X and )/ \j @

?x,y = [l)(xku = )’ ‘ Xk = X) independent of ke TC #

L> transition maftrix /|>’—' (fx,y)w

Important: « entries of P lie in [O,‘I]

. ? acts on row vectors from the right

Genheral exam?ple: Xk: O — 21,2,..., N}

N 7 A~ Y
© O 6O - O

start atk=0 : probability mass function of X (me of an>

N
is giveh by a row vector c] e Rﬂ

4), = P(X,=m)
at k=1: (11>h=ﬁ)(x1=m> ZW(X""W)PB)

N/dmom’r uhion!
law of total probability (8. = (L
¢=1

B, = iX,: Ll



N
= ZIPB)lP(X1=m|B,;>

v=1

pP0=) Pl n %) (T,

(4°), P

l

by induction: k= 40 (})

. XN . i
Definition: cle R is called a stationary distribution for the Markov chain if

1? = al (and c1h€[_0,1] ) ¥1h=1>

T
_ T
Note: 1? = 1 <:> rP 1 - 1T < > P 1 — c1T
columh vector elgenva\ue X e|3envec’ror

Example: (R | 0 £ L

L 1 1 T

= 100 '7,> > Ker('fT—1-4L>:KeV Ji -1 0
0 0 1 o L o

row o?Perations

@ 1T -1 0 0
= Ker { o 0 | = span a0
0 0 0 1

’—‘> only stationary distribution ci = (O,O,D
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(ﬂ_, &, ﬂ)) probability space

Markov's inhequality: X‘- Q_ —> [R random variable.

Then |X| aQa— I___0,0o) satisfies:

for any €>0 , F>0

Picture for P = (F

\ J &
e P(xl=e) < E(IX)

Proof:

We have: |)((w)| >e = |)((m)|F_>_ ef indicator function

/
o 3 0) < B2 E) = o (k)

=E(eLyynp) < E(KM) D

Chebyshev's inequality: X'- A — [R random variable where [E“Xl )< Q.

Then: ﬁ) ( |X—|]:_(X)| > g) < VarEX) for any ¢ >0,

€

Proof:  Define: X 1= X-[F(X). Hence: Var(x) =Var(X) = E(X")

P(X-EC)I 2 0) = P(T| 2¢) = B0 Yarth)

/\ € €

Markov's inequality for p=1 [
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AssumpPlion: X: Q_ —> R random variable with

o= E(X) e~ voth should exist:
¥ = lVar(X)

N\

k\ Probability density function
_ 4

Py 7,;+k<.~ T k=123,

Chebyshev's inequality: P<|X |E(X > g) <

ko -intervals: (X€DA kv,,Hk(r]) = H/)(|X /A| < k<r>

= 1-P(IX-pl 2 )
chebshers inequlty — Soqo Va0 _ -1
et T K

For k=1: ﬂ)(X€ :f"ZVI/“ZV )
ror k=3: P(Xe[p-3r, pesc]) > % > 88.8%




ko‘-in’rervals for the normal distribution: /m =0, =1

P(Xe[p-te, peic]

A 0.682...

ﬂ)(X€ DA—'L(T, /HZ(T]

~ 0.95%4...

ﬂ)(XG DA—3(|“, ,A+3(|‘:l

~ 0.997...

File Edit Code View Plots Session Build Debug Profile Tools Help

o

Rl 5B
@ Untitled1*
: = Source = O /' ~
1 n = 10000000
2 x = rnorm(n,0,1)
3 a=x[x> -3&x<=13]
4 sigma3 = length(a)/length(x)
5 print(sigma3)|

5:14 (Top Level) <
Console Terminal Jobs

R R3.63: ~/

ZTA = IV, U, 1)
>a=x[x >= -3 & x <= 3]

> sigma3 = length(a)/length(x)
> print(sigma3)

[1] 0.9972977

>

Go to file/function

= ]

R Script <

=

~ Addins ~

R Project: (None) ~

Environment History Connections Tutorlalf

Files Plots Packages Help Viewer P

@ 3 /.\ ; Refresh Hel
R: The Normal Distribution ~  Find in Topic

Description

Density, distribution function, quantile
function and random generation for the
normal distribution with mean equal to mean
and standard deviation equal to sd.

Usage

dnorm(x, mean = 0, sd = 1, log = FALSE;
pnorm(qg, mean = 0, sd = 1, lower.tail =
gnorm(p, mean = 0, sd = 1, lower.tail =
rnorm(n, mean = 0, sd = 1)

Arguments
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law of large numbers empirical B relative
l — frequency
S, Probability of event of the event

(theoretical)

Probability of event &

ﬂ)(A) number of outcomes inA

total number

Example: @ coin toss: _O_ iH T} H}> ﬂD( } 1;

repeat random experiment: (L = L, x (L, x -

P = Product measure

/ (H in kth foss)

1, we=H
define random variables: Xk: QO — R ) Xk(“") = {0 o= T
/ k —

h
let's look at h tosses: e %2 . ) —> R
k=4

(relative frequency of heads in the first h tosses)

1
we expect: Xh — 1 What does this cohvergence mean?

I\_/



Weak law of large numbers: Xk: L — R random variables.

Let (xk)kelN be independent and identically distributed (= i.i.d.>

\
Rl(x<) =TT« miisf iy | | B = R® &2 ‘;i'f:]

P sets B R

and [E(|X1|)< oo

Then for M= [E(XJ and for all € >0

We say Xh =

S|—

h
ZXk converges in probability fo the expected value /\A
k=4

Proof: for the case: /Var(X1><oo

0t

We have: [E()_(h) = [E(%kZXk) = —1; > [E(xk) = p

=4 -
Var(>_<h) = Vay(iiXO = 1—1 iVar(Xk) = (T_l

" nt i n

By Chebyshev's inequality:

_ Var(X,
W(|X;E@|ZE> < a:,f ) for any ¢>0,
M N h—> oo
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h> o

law of large numbers: | repefitions X, x,,.. X,: ih.zxk - |E(X>

M N, —

“Monte Carlo method"

Monte Carlo in’regraﬂon: A
U i

random ?points...

S——— random variables: X4 , Xz [

Weak law of large numbers: Yk . L —> R random variables.

Let (Yk)keIN be i.id. and [E(|Y1|)< 00 .
Then for /u\-.: [E(Y,‘) and for all € >0 : ﬂ)

h—=>00

%%Yk_ﬁ‘éﬁ —>

Monte Carlo infegration: Given:  g: [0,1] —> [—C,C—_l integrable , c > 0.

We want: fﬁ(x) dx

Take: X1 Picks a point (randomly = uniformly distributed)

\
9(x) /_\/ from the interval [0,4] : x, = X, ()
7A

T - Yoe=g()  whatis E(Y)9

area: j(XD 1 change of pd§

variables 1 \/ |
E(Y) = E(5(0)) - J ) Sy ) dx ={3(’<Mx

e



Example:

1

procedure: X, X,,.. Lid.+uniformely distributed on (0,1]

A

1+xt

A\

g

dx

n 1
%zj(xo approximates fﬁ(x)o\x
k=1 0

File Edit Code View Plots Session Build Debug Profile Tools Help

O - Opl - &
® | mc.R

7 Source on Save
n 300000000
x = runif(n)
y = 4/(1+x*x)
print(mean(y))|

S W N

4:15 (Top Level) =

Console Terminal Jobs

R R3.63 . ~/
> source("~/mc.R", echo=TRUE)

> n = 300000000
> x = runif(n)
>y = 4/(1+x*x)

> print(mean(y))
[1] 3.141564

>

Go to file/function

Q /-

= Run

v~ Addins ~

o9

=

_+» Source

R Script =

=

R Project: (None) ~

Environment History Connections Tutorial (|
Files Plots Packages Help Viewer — (=
& D N« Refresh Help Topic

R: The Uniform Distribution ~  Find in Topic

Uniform {stats} R Documentation

The Uniform Distribution

Description

These functions provide information about the uniform
distribution on the interval from min to max. dunif gives
the density, punif gives the distribution function qunif
gives the quantile function and runif generates
random deviates.

Usage

dunif(x, min = 0, max = 1, log = FALSE)

punif(q, min = 0, max = 1, lower.tail = TRUE, lo
qunif(p, min = 0, max = 1, lower.tail = TRUE, 1lo
runif(n, min = 0, max = 1)

Avraiimantce v
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repeating a random experiment: X“ X“ U A Y- P /\A:: IE(XJ
1 n 5, h>o
should lead to: w2 =K = p
K=1
weak law of large numbers: ‘ u) — /\A ‘ = is unlikely for large h

L} P{Suenr | X (w) - pl = ck) 3

r\

. . ?
Pointfwise convergence’ > o

(w)% [A

X ()

rN A\
we could have:

A VAAVAS

How many We (L have such “bad" behaviour?

Strong law of large numbers: Xk: 0 — [R rahdom variables.

Let (X ), be iid. and E(IX,])< oo

Then for /\A:: E(XJ : _r1\_ Xk(w):: K&u) g [A for we (L

k=1 almost surely
— h— 00
This means: P({weﬂ ‘ XHQ‘J) —> ["}) = 1
(we could have Y”(u) % }u but the probability is zero)

Remark: almost sure convergence =—>  convergence in probability

strong law of large humbers => weak law of large numbers
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Assumptions of the central limit theorem: (Xk)kelN i.i.d. with Var(X1><o<>.

Part 28

n
V] . V; Vi Var
:> X, = %Zxk satisfies |E(Xh> = |E(X1) ) Var(xh) - T(XJ
k=4
Exam?ple:
@@ urn model without replacement = hypergeometric distribution

@@® \ (part 6)
X

ile Edit Code View Plots Session Build Debug Profile Tools Help
) | OR)| &2 ~ (=) Go to file/function ~ Addins ~ R Project: (None) ~

K Picks 3 balls and counts numbers of @

@ clt2.R ® | CLT3.R — (= Environment History Connections Tutorial __ ™ IE (x ) — 3 _ 4 8
2 Source on Save = O /'~ ® | %% | $Sourc o | | = Import - 204 MiB ~ ¥ List ~ - 1 6’ - ’
1 urn =¢c(0,0,1,1,1) R - (7} Global Environment -
2 sum(sample(urn,3,replace=FALSE)) #simulates one Xk - m— -
3 n 2000
= ekl outcomes num [1:2000] 1.8 1.79 1.81 1.79 1. . n
2 sum(replicate(n,sum(sample(urn,3,replace=FALSE))))/n — num [1:5] 00 111 5 X L 1 j ' X
7 m zpoo Files Plots Packages Help Viewer — (O h n k
8 outcomes = replicate(m, sum(replicate(n,sum(sample(urn,3, @ Zoom | -X5 Export - | © 5 % - k’-*
9 hist(outcomes, breaks = 50)
>
7:6 (Top Level) = R Script < .
Histogram of outcomes
Console Terminal Jobs —=

What is the distribution?

R R3.63 .~

> O
> sum(replicate(n,sum(sample(urn,3,replace=FALSE))))/n % vo— /
[1] 1.7835 g. . . .

g 9 close o normal distribution!
> m = 2000 L

0

> outcomes = replicate(m, sum(replicate(n,sum(sample(urn,3,rep

lace=FALSE))))/n) 1.76 1.80 1.84 = Var (X
VaV( X,,) = TJ

> hist(outcomes, breaks = 50) outcomes

>




Standardize the random variable: o= IE(XJ 5 (T'.:*lVaV(XJ

(1) expectation should be zero: Xh—/u

(2) variance should be one: (Xh_ﬂy/(ﬂ)

h

Central limit theorem: For (Xk)kem i.i.d. with Var(X1><oo, define:

L= (450 (8] e e EG) , oofimt)

Then the cdf of Yv\ converges to the cdf of Normal(0,1") :

P(Yn < X) g @(X) for every XG‘_R
\
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De Moivre-Laplace theorem  (special case of central limit theorem)

k-»> approximation of binomial distribution Bih(h, F)

Galtonh board —\
-p Af'
@

h times Bernoulli (f>

N ® ® n-k
® o o (W)e'tp
e
@ ® ® ® e
QO g
OO0 00 00
© OO0 0000 O
k _ 0 1 2 .o N
[
| | | I |
Result: For large nh and k close to hF' we get: 0 S 10 15 20
1
(D P -p) JEN ! e trilt-p)
\Zrnp(t-p)
{ \
pmf of binomial distribution Pdf of normal distribution AN
De Moivre-Laplace theorem: Let P€ (0’1). Then for any G > 0 : 1|}
e k n-k l)
th“—F) (k>F (1—F) h—> oo I+ ncreas
max 1 ,] - ML increase
0£w|;h£h 1 _ gk_ . 0
(k- npY — - e treltp)
Treli-p) éq \‘Z'rr | | | | , s

0 10 20 30 40 50
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Statistics descriptive statistics inferential staftistics

“all the theoretically possible data® /
Population /
real world ...

The rough idea:

finite set of data points

ahalyzing
> summarizing —_—

visualizing

descriptive statistics

Prediction

inferential statistics:

finding the underlying
Probability distribution

d d
Definition:  sample in IR : (X%, %, %) with xeR
ne IN

sam?ple in [R: (X1JX7_IX31-"JXY\> with XJGR

\ can be ordered: X, <€ X, & --- < X,

visualization X X
alizatio . i =“s;. . Lo o . . 13
X Xe X, Xy X¢ Xp Xy xj Xio R Xy Xgy Xig
N\
histogram %7
: 3
(grouping) 14
1--
~
=
Yy

subset in R



Definition:  For a given sample in R (X“ X,  Xq, ...,Xn> and subset AQlR,

we define:

absolute frequency of A £bs(A) ‘= #‘ ikG IN | X(E A}
relative frequency of A § ‘(A) — {kelN | XkE A} [0 1]

Definition: ¢ . o given sample in R X = (X“ X,  Xg, ...,Xh>

we define the sample mean: ;o
k=1
really far off — ™M
‘/ Jf'lfomy‘(lﬂe other points X X
| X L X
_____ ® ® 0o ) o P o—o—0 ° N
| X, X X,e ~
X, X3 ' X4 X Xp o Ky Rg Xy Ay Ky Xy Ty
median: middle point of the Sam\?le> same size same size
@0 o oo o | @ o000 o h odd
Xn +1 , h odd _ _
hqx ¢ = same size same size
(X,, +X,, ) h even @ e o(d)| (@) cee o h even
* R/
average
)
uhbiased sam?ple variance: —\L
Sx : :1— (Xk-— X)
n-1

k=1

makes it unhbiased



