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Ordinary Differential Equations - Part 12

initial value problem with loc. Lipschitz continuous

there is a unique solution!

(Picard–Lindelöf theorem)

Let          be a complete metric space

and be a contraction

Banach fixed-point theorem:

Then: has a unique fixed point

We need: (1) Complete metric space consisting of functions.

(2) Contraction

Now we know: is a solution of

(fixed point equation)

For (1):
continuous
+ bounded

with metric: sup

standard norm

Fact: is a complete metric space.

in the domain of
with property 
(see below)



For (2):
gives a map
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sup

sup

triangle inequality
for integrals

length interval

sup length sup

sup
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contraction

for    small enough

Picard–Lindelöf theorem

loc. Lipschitz continuous

Then there is         and a unique solution

for the initial value problem

needed



Definition of    with property

being locally Lipschitz continuous at    means:

So we need for all

Hence: (not a problem for the solution since we choose    as small as we want)


