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Multidimensional Integration - Part 1

Measure Multivariable

Theory/ \\ / _\\Calculus

Multidimensional + Definitions for integrals
Integration v J

» Change-of-variables formula
« Fubini's theorem

L—} (Fubini-Tonelli theorem)
» ExPlicit calculations

Manifolds

LebeSgue measure oh IR :

ST 1

3 a<h
b

length: ,A([A,B)) = b- a

K/

Carathéodory’s Extension Theorem \]\( Pre-measure

\f): ?([R) — [0,00] outer measure

i(ﬂ)\) = \Artf 0 —algebra of Lebesgue-measurable sefs
C’ A i(ﬂ\) —> I:0,0o]

Lebesgue measure on R

measure




Properties: « A (g) = 0

- o A A A A A
e 7\(5_!1 Ad) = Z?\(Ad> for Adé iQn{) ' -
J=1

AJﬂAL:¢ for L:ﬁJ
’ i&ﬂ\) is larger than the Borel (-algebra.
. 16 AeL(R) with AA) =0, (Ais called null set)

then each B< A satisfies ‘Béi(ﬁ\).
: }\([q,l,)): b-a , b=a

* A x+A) = A(A)  foral xeR, Ae L(R)

(translation-invariant)

Definition (Lebesgue infegral):
> joc '\

= 5 a0 = 50 do
/ A A A

defined by approximation with simple functions:

V
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Multidimensional Integration - Part 2
collection of subsets:
_ J "R L(R) €
\q—f/\-\,> 7\(A)€|:0 :I G- algeb of Lebesgue-
‘% algebvra measurable sefts
Lebsgue measure
Now go to [R'L; R x R (construction of Pproduct measure)
1 rectanhgle in le
S ectangle
A, e L(R) - | N
A, Ax A area should be: 'A(AQ AA)
Alei(n{) 1 A
A, g

We 361; « product (T—a\gebra i(ml) (Leb653ue-measurable subsets of R’L)

» Product measure ’ 2
7\()3 i(RL) — [0,00] Lebesgue measure on R

A7 (AxA) = MA) MA)  for A ed(R), A ed(R)

« pProperfies like for the one-dimensional Lebesgue measure:

o ')tq(_¢): 0
)7 & - 2
7&(91 Ad) = Z?&)(AU) for Ad-é. i(")\l) ,AJnAL =¢ for ‘:¢J

J=1

‘ i(ﬂj\l) is larger than the Borel (7-algebra.
1 (1) ,
o 18 AcL(R) with R(A) =0, (Ais called null set)
then each B< A safisfies ‘Béi(ﬂ\l),

)
' 7\1([0'1) X [0,1)) = 1 (uhit square as area 1)

®

CA(x+A) = MAY)  for all xeR", Ae £(R)

(tfranslation-invariant)



(U
We call 7\ the two-dimensional Lebesgue measure!

g the corresponding Lebesgue integral: y)( 0\)\(1)
A

the two-dimensional Lebesgue inTegral

Other notations: 5} (“\“) — j.gc )[“(t)
A

= Lw O A00n) = J 5 dx)

A

= {50 dix
A

Do it again! A volume ih R
3 !

(W) - A(A)

()
r~——> A7 as a product measure

=

h (»)
Result: n-dimensional Lebesgue measure on [R . N i(Rh) E— [0,00]

Properties:
A(e) = 0
o A0
CRGA) = SR he 0 hin =g 1o e

§=1

i(ﬁ\h) is larger than the Borel (-algebra.

1t Ae LR with N(A) =0, (Ais called null sef)
then each B<S A satisfies B€ i(ﬂ\n),

(nl([o 1) x [o 1)x -x[o 1))

. 7@(x+A) - }‘\"’(A) for all xefR", AeiUP\")

(tfranslation-invariant)

n-dimensional Lebesgue integral: f} (“(n)

= { 5(x) dx
A
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Mulfidimensional In’regra’rion - Part 3

LR— R /

\ two-dimensional
" ] Lebesgue integral
~ j}()ﬂ ’xl} A(X1/XL)
( X A
Fubini's theorem uc_;_[R'L

X e: 1,0t
Exam?pl J— )(}-X.L o\(X“XL) i f (§ )(}.XL O\XL> 0\)(1
[0/4]"[.01[.\ ¢ LO/Y\J
\/\/\J k one-dimensional

two-dimensional
Lebesgue in’fesm\

Lebesgue ih’fegral

ohe-dimensionhal
Lebesgue integral

Fubini's theorem (Fubini-Tonelli theorem)

[RM

N

(u) h
Let A be the n -dimensional Lebe53ue measure onrR

(m) M
and A be the 1\ -dimensional LebeSgue measure oh R .

\4

Let AC Rh y Bc Rm, and } be a measurable funhction with

either ;: AXB% I:O,oo]

oo L AxB— R with j|§|0\7\(h+h)<00 .
AxB

55 A" = £<5§(x,y)a\my> R y< S‘JC(X,)/)AhX)a\My

AxB B 3 A

Then:




N | IS The Bright Side of Mathematics — hitps://tbsom.de/s/mdi

Multidimensional InTegraTion - Part 4

Fubini's theorem (Fubini-Tonelli theorem): Let JC be measurable with
either g: AXB%[OIOO] <AQRh, :B-C—rRm>
oo L+ AxB— R with jl&l I < oo
AxB
Then

~
“
S—
o
z
l
>k/j

(T sty dy) dx= :qum,y)a\hx)a\“y

B

Problem: =R o Ub— R
3 li E
A - L> ?: AXB% [R

(X/y)le };JC(X/Y) it (xy)ell

/

0 it (xy)ZU

Fubini

S5 o L F e lu f(f?(x,y)a\'"ﬁ A"x
I\ AxB A B



~
>
N

Example: 3 L 3- K \;C(x,y)
—_\4//— U area = v
! - volume >
1 X /] ’ >X
domain picture graph picture
R
W
4
J?(x/y) Axy)  with Fxy) = 1) xelod], ye[t,3-¢]
[0,1] % Dn 3] O else
N\ Fubini

S( jﬁ(x,y) ,,\),MX _ S( 5; Aﬂo\x
1 1

= 5(3—x1_1>o\x :j(l‘xl)o‘x ___%
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Mulfidimensional In’fegra’rion - Part 5

n
}5 W —> R measurable , WS R open

g {}(X) A" x

C-diffeomorphism / &J /

> N~ 9% >
X

1 1

@ : ’\x —> |} contihuously differentiable + bijective

@ . N — ’lx confinuously differentiable

ih ohe dimension! ) ~ ~
substitution: X = @(')‘{) /-\d/> dx = @_ (X) dX

\w> I'x = |det(Jg(3)

"/\l
d X

Change of variables formula: 55_(@ A" = S‘f(@_('f)) ‘deT(J@(S‘( H dn’%
lix] W

If one exisfts, «/\_’/

then also the other!



