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The following pages cover the whole Multidimensional Integration
course of the Bright Side of Mathematics. Please note that the creator
lives from generous supporters and would be very happy about a
donation. See more here: https://thsom.de/support

Have fun learning mathematics!
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Manifolds

Leb653ue measure oh IR .
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i a<h
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& length: [a,b))= b~ a
//A( )

Carathéodory’s Extension Theorem \]\( Pre-measure

Lf): ?(R) — I:O,oo] outer measure

; i(ﬂ)\) = \A? U —algebra of Lebesgue-measurable sets

A i(ﬂ{\) — [0,00] Lebesgue measure on R

Mmeasure

Properties: « A (g) = 0

oo o A4 A’L AJ AqA:"'
. 7\(JL=J1AJ) :ZMAJ) for Ase £(R) =
J=1

AJnAL:¢ for L #
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* A(x+A) = AMA)  for al xeR, Ac £(R)

(translation-invariant)
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collection of subsets:

N

— ¥ “R L(R) €
\Af/\~> 7\(/\)6 [0, o0 (- algebra & LEPEsghe-

measurable sets

Leb53ue measure

Now go to ,R'L: m x IR (construction of Product measure)
1 tangle in R
/ rectangle in
A1€i(“{) A1 AX A area should be: 7\(/\1)')\(/\1)
.1
A edL(R) !
>
Ay
We get: + product (-algebra m iQﬂ{’-) (Lebesgue-measurable subsets of R')

» Product measure . 2
?\Ui i(m‘) —> I:0,0o] Lebesgue measure on R

A2 (AxA) = AA)MA)  for P ed(R), A, e 2(R)

« pProperties like for the one-dimensional Lebesgue measure:

o ')tq(p) = 0
) ~ 1
XU A) = 2MA) s A 2R Apnh =g for i)

Jg=1

‘ i(ﬂ\l) is larger than the Borel (-algebra.

o 18 AeL(R) with X(A) = 0, (Alis called null se)
then each B A saftisfies Béi(ﬂ\l),

(@
; }\1([0'1) X [0,1)> = 1 (uhit square as area 1)

)

. 7&1(X+A) - }‘(’(A) for all xeth, Aei(“ﬂ

(translation-invariant)

(A
We call l)\ the two-dimensional Lebesgue measure!

g The corresponding Lebesgue integral: fj‘_ OU\(?.)

A

the two-dimensional Lebesgue integral

Other notations: y)c A = 5§(x) 42" (x)
A A

— f;(x‘,m Ak, = 5§(x‘,xb) d(x,, x,)
A A

= 5(x) dx
A

Do it again! A volume in R3=
3 ]

?\(‘7(u) o\ (As)

3)
7\ as a product measure

h

()
Result: h-dimensional Lebesgue measure on R: A IQR") — I:O,oo]

Properties:
. 7@(?5) = 0
Ny @ = n
')\(E_L A()) = ZX)(A‘)) for Ad'e i(")\h) ,AJnAL =¢ for L #

Jg=1

i(ﬂ\h) is larger than the Borel (-algebra.

1t Ae (R with N(A) =0, (Ais called null set)
then each B< A satisfies BéiQﬂ\n).

7{"’([0'1) x [0,1) x - x [0'1)> = 1

)

. X"(X+A) = }‘\")(A) for all xeRn, Aei@)\h)

(tfranslation-invariant)

h-dimensional Lebesque integqral: . n
A A
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i
J(: [R —> R N fwo-dimensional
' Lebesgue infegral

Mf F0x) dlx,x)

Fubini's theorem USR

3/ 11
f X dlix) = f(f Xy X, J\xl> dx,
k ohe-dimensional

Exam?ple:

two-dimensional
Lebesgue ihTegra|

Lebesgue integral

ohe-dimensional
LebeSgue ihTegral

Fubini's theorem (Fubini-Tonelli theorem)

N

() n
Let A be the n -dimensional Lebesgue measure onfR

3

(m) m
and A be the n -dimensional Lebesgue measure oh R .

Let AQ Rh ; Bc ﬂ{h, and 5— be a measurable function with

either g: AxB — I:O,oo]

or L AxB— R with J\Ul I < oo
AxB

55 A" = £<5§(x,7)a\my> A"x = f( f}}(x,y)a\hx>a\my
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Fubini's theorem (Fubini-Tonelli theorem): Let } be measurable with

cither £+ AxB —> [0, 03] (hck, B<R™)

or S AxB— R with [[§] A" < o
AxB

J5 o = ([ Tty ay) dx= f(f}(x,y)a\“x>a\’"y
A 3 A

AxB 3B

Problem: _—U0=R 5:: g — R
3 li E
N > (\> . Ax3 — R

(X/)’>|% E_—F(x,y) it (xy)ell

Then:

/

Fubini if (X,y)ﬂu
5\5: 0\7\(“'“) — 5 ? A)\(hﬂn) E’ 5(5\5()(,7) 0\ >/> O\hX
g Ax3B A3
Y A N
Example: 3 &(x/}’)
NG |
1 == volume /&
domain Plc’rure / graph mee
ECH
)
V4
{ Ty ) with Soop= { , xelod], ye[t,3-¢]
[M]XD 3-'\ 0 else
A\} Fublm

5““"'” by Jdx = (S« Ay )dx
= j(3—x1_1>o\x :j(l‘xt>a\x ___%

0
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§3 W —> R measurable , W= R" open

g \é‘}(x) A" x

C_1-di1°{-‘eomor?hism / ,L\AJ /

> N~ >
X

L 1

@: IK\A' —> [0 continuously differentiable + bijective

@ .\ — [x continuously differentiable

ih ohe dimension! ~ ~

substitution: X = (_]S_(’y‘{) —~—> dx = @X(X) dX

\w> I'x = |det(dp(®)

"/\l
a X

Change of variables formula: 55_()() A" = g‘;“@(%,)) ‘deT(J@(?(')\" dn?’
i) W

If onhe exists, \\/’/

then also the other!
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"~
a X

Change of variables formula: 55‘(’() A”x — gg(@(g)> ‘de'\'(d@(@)
&[] w

Exdinipe: Scos ())((—_é) J\(X,y) with G:= i();, €lR’L| %‘X = 4_15 X+>’é1§1+y}

Z'G cos (%)2 A(xy) :%'§§Q§(X/V)> |det(J5 ()| dlxy)
\ G Kg(u,v) = cos(iv)
= 1. 05w dlum)

3[6)
— jz—-goos(“v%((u,v)
3[6)
New integration domain: @EG] _ {(%>€Rl ‘ Vo [,_1'1—_‘ aev20,v-u 303
\\:i;;/ :{(‘Qewf ‘V€ 1A, va-u, vzu}
G = i(’f/)eml|%—xs%£x+yé1é1+y} Y A

W+v = 21X
V—M:Z)/ | K

V

Resurt: (', (§_§) xy) =4 § cos(L)d(uy)
G 8[6)
Fubini 1 X 4
= ([ cos(#) du) dv = 1 fwfemi0 - sinl-0) dy
I 3 +sin (1)
2 sm(iv) L
_ jz.'l sin (1) 1—,_V?' ' % sin (1)




