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ON STEADY MathematICS

Measure Theory — Part 23

Carathéodory’'s Extension Theorem: X set A < /P(X) semiring of sefs

/\A : \A —> [0100] pre—measure,
Then: /AA has an extension /\'\[: G(\A) —> [O,oo__\ as a measure!

Proof: TDefine outer measure: LP: /P(X\) —> [0, 00]

p(B) = imfigi/*(m A e d with :BQQAJ}

(see part 21)

FirsT guestion: \A < \A?K‘ (F—measwab\e sets

Proot of first question: Choose A€ \A, Q EKPKX) | L(’(Q\) < o0,
) Choose Ach vith Qe DA Then
, J=1

D) S = SR ) o () = S A ) + 55 p{ANA)
CA; =l = F—
=Z¢(Qnh) =(QnA)

inf on both sides

= (@) = 9(@nh) + (QnA%)
Second guestion: LF(A) — /,«(A) for all Ae&

Proof of second guestion: LF(A) < /\*(A) v/ (by infimum definition)

oQ
property of pre—measure: A = qu AJ < \‘A dis joint
J:

=
—:> PA) = f:' PA) N
(- subadditivity: AC—: H AJ —> /‘A(A) = Z/M(AJ)

infimum on
right—hand side

= pM) < ¢(n) Y

Recall important proposition for outer measures:

For an outer measure (_f , we find a measure /\’7; \A(f —> [O,oo]

with /«’T(A)z LF(M:/u(M for all Ae .



