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Proposition: T:“bM — {5‘(0) ‘ K:(—c,e)—»M differentiable with D/(D)zf)}
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P
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(2) Take: Z :(-€,e) =M differentiable with b’(o) =P

/’f Define:  X:i= —Of) b/)‘t 0
Y
K\(0> = i((fo 8’3‘{?0 = J?(Y(o)) Z;‘(O) _ ()‘F(Y—‘(f)\) X €_]_;subM
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_l_;subM N~ _l,P M
for Mgmh for M

smooth submanifold smooth manifold
tangent vector Q’f ngent vector?
;E N\~ curve uvve
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Definition: (M) t = iX ( € e) —> M ‘ XollFFeren’ﬁa\o\e with K(D)
ino @& (hey)(0) = (hes) (o)

for a chart (M,'n),

equivalent class: [Xl = go(l Xmod} represents tangent vector

—I’F M P = Cf(r"O/,\, (set of all egquivalence classes)

fangent space of the manifold M

Result: « For a submanifold Tsub M HT M

bijection

o) «— [yl

_rP M is a vector space with the operations: @ﬁ{k

var o= hy () () it b D] (o)
AV o= lw-; (7\11*(\’)>
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smooth manifold M of dimension n f€M .

T&Mm

well—=defined and with dimension n

W T.M
ohart ([A,h) : @ f
L‘C ’) ~— defined by:
f k*é j‘(’* he: TH—>R

- $ 4 [ﬂ»(},o,)‘(o}
> S ar linear + bijective

(

W
>

R ' y
LP* = l\*

Definition: coordinate basis (standard basis with respect to QA,\n) ) :

For QA,\") and 0)6 U, we define: gd 1= LP*(QJ)

where (e,,,el, ..., €,) is the standard basis of R

sub
Remember: For submanifolds: _r‘, M > _rP M
Rn

(91 :’b')_:"' ,(bn) is essentially ( %(ﬁ-‘(f c %ﬁ—l(’() [een %Lﬁ—h(f))

Soon: 5: M — N smooth ~—> 0\};?: T;, M g _‘—‘,N differential
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T. M M
I/ P | [
dis oint }
Definition: tangent bundle TM i m T%M = U ifEXTFM

L feM FeM
> smooth manifold of dimension Z- OIIYYI(M)

Definition: differential of § at point p
AS(’: TFM - E(r)N
[y] — [5]

differential: A} rl——> 0\5:?




bijection

‘1/ sub
TioN = TioN

%)
Example for submanifolds M , N < fR smooth submanifolds

/Tl

N

af, oijection
[y] > [$oy] = ($9)(0)

Example: S: [Rh% R (smooth map)

45, (0 = (51)(0) = JJ(L@;)@Y@

Tangent vector

= directional derivative of 5 along [}ﬂ at p
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Differential in local charts?

iz koSoh

i?\h /\
")

Remember: ka§ = :oL

Choose: I:K__J € TY M AkS(ﬂ (0\&([?{])> = Olkg(f) ( [}ﬁ*])
[k der] 2 (e or) (0

ordinary chain rule

I
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o
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Remember: ;F =

A5 = A g
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Recall: FG:M, (M,\:{) coordinate basis (91,---,9..> of TFM
¢= L_il 90 P — LPxn(e’J) — U\Lh(r)(eﬂj)

defined by:
he: TH—>R

Q [ﬂ'%hy)(
line
Directional derivative: 5: M — R smooth " et

Cgom

951 = d5,(9) 2l

Example:
m
t—> Z

;Sh(%) 2_\ R f\:k(#) ,)\ R
@ ahh() © ) = U’ J_X (:) h %)J“ ‘ ?51 - A,\rk(g(ey)(e"l}
_ c.(s+f:) ] (.s A S = k(@)
(g7) (0) ‘ = (yo7) (0) THE
.. 1 - L'Cz; I %
map § : Sll> e |—>(ef's) X Ls ()
=t L
differential of S: A\S: (9 > 5/ Akiy_ \)5( )\_’Y(\g} =7 Ak—:}(e1> = 2/\;

L e
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Introduction 1o

Ricci calculus / tensor calculus

3,

1 x

our language

C—'> calculating in coordinates

C) positions of indices matter

(superscripls, subscripis)

Ricci calculus

components of a given chart

(Wh) , h: W—R

coordinate basis of T‘oM‘

/90 = kP*(e’d)

Tfangent vector [ﬂeT‘,M:
\/1D4+ VL‘)L+ TR \lhgh

inner product on TfM :

{vywyelR

Later:

1

dual fo a contravariant
! J = k

dxi(5,) = YL
0, J#Kk
$.

J K

Kronecker delta

—
—

WU — R

or simply:

coordinates

qu xL/ g Xh

w9y
19 nd 39
Vgt Voae = Va5

(Einstein summation convention)

contravariant vector

tensor

y
X,

L one—form (~>linear map)

\VA

vector: g
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Recall: M TPM n—dimensional vector space

eo Define: T}*M ZS(DMB*

_ io(: TPM — R \inear}

"""> AXM, . —l_")M — R
dxw(go = ng linear map:

%
differential form: map W defined on M  such that M(F)Q TP M

(one—form)

O\XJ: p— AXM, € TV*M

Some mulfilinear algebra: AH‘k(\/> o {/o(: vx eoxV —> R multilinear (k ~livear)
—
k=times + alternating

Qo((v,,...,vk) =0
(Ve V)

linearly dependent

Example: K €& AH’L(V) , O((V“V,) = - D((V,_,VD

det € /"\\‘T'L (ﬂf)

X € AHK(V) is called an alternating k —form on V

Remember: AH’1(\/> — \/* (dual space of V)

Al (V) = R
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Wedge product: A multiplication defined for K€ A\'\'k(v), ?6 AHS(V>

A A (V) x A (V) —> ARY(V)
(o<, [%) —> /\[5

k+s)-linear
&l> (D( A ﬁ)(v”m'vk*‘) ﬁ 0((V,,...,Vk)- {S(Vk-H""IkaS)

not a possible definition:
(not alternating)

Definition:  For « € A\‘\‘k(\/), EG AH’S(V) , we define ¢ /\[& € AH’“S(V) by:

(D( A E)(\a I"':Vkﬂ) . 1 ZSQW(U‘) o((vv(ﬂ 4oeemd VVU‘)) {S(Vb‘(kﬂ): /VO‘(kﬂ‘))

k! s!
e S,

Exameles:  (a) o, Be Al (V) = VF

(MAE)(U\,V) = o(u) E(V) _— [&(U\)
P S SO

identified with E

np (1)) - v = ) GDED

identified with x /\E



k-s
Properties: (a) o A B = (— 1) B/\ X (anficommutative)

(b) (o(+o(‘)/\[§ = O(AB +oL‘/\[§

()\oa)/\ﬁ = 7\(0(/\[3)

(bilinear)

(c) o A(B A D/> — (0( A P) nY (associative)

(d) For a linear map S:W—=>V and € AHK(V) define:
pullback (}*d)(w,,_..,vk): oL (S s oo §(uk)>

(*natural")

§(xnp) = Foanfy
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M smooth manifold of dimension n :> T. M N —dimensional
P veclor space
Definition: W : M 5 U A\_\.k(-rPM)

feM
p—> W, = w(pe AR (T M)

is called a k—Form on M .

We also define: ) A VJ as (LQ A VJ)(‘)): bd(f) A V](f)

Fu e (Fo)p= (O\JCr)*w(r)
/\ §= N —=>M smooth

Basis elements: /T‘, i
@
h v M
2

basis of _]} M : (91 , gt er 9,,) with Qj v= (P*(e‘(D = A‘h(r)("-ﬁ

basis O‘F(_]} M)* — A\‘\"(WM) : (AXL Ax:-”“_' JXI‘:>
defined by: Axg(go _ .ik _ §1 , j=k

k
Proposition: A basis of Al (T;’M) is given by:

M Pooo o A
(Axr A ‘J\Xr A AAX' >r«<f‘t<"‘<f‘k



Example:  dim(M) = 3 | A\Tl(TFM> :
( o\x}, A Axif , o\x}, A J\ng , o\x:; A Axﬂ

Conclusion:  Each k—fovm on M can locally be written as:

W(p) = > | wr”rwlrk(f)-dxf‘ A AXET A A dx)
<

W . L — R component functions
r‘u/“t.,---,rk

Definition: « 1f all component functions are differentiable at P

Then () is differentiable at .

e It (9 is differentiable at all pe M,

> we 0'(M)
(M) = C7(M)

then L) is called a differential form on M .




