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Linear Algebra — Part 22

[R’L: k/u colinear: U = Yy
Vv

coplanar: (0 = Vv +/4\,\/

& 0=HNHu+ )y + AW

plane

4|
Definition:  Let v, v - v e R The family (v, y@ -y (OY {v“’,vm,...,v‘”}>

!

is called linearly dependent if there are 7\4 /Al e 7\k€ TR

that are not all equal to zero such that:
k h
zero vector in [R
(V) &
216 = 0
J=1

We call the family linearly independent if

[y
S

Z’)\JV(J): 0 :> %1:’)1:)\32...
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(Vm,vm_,, ,Vm) linearly independent if

/

I
S

Z)JV(J): O :> '>\1: ’)1=7\3:,,,

E les:
XaMPes: (a) (Vm> linearly independent if V(1) £ 0
(b)
( 0 fVm,--- ,Vm> linearly dependent

(%1:1 /’)1=7\3:”':O>

(c) (@C‘)' (‘:)) linearly dependent
(-(D-) =0

(d) h
(Q,, e, , ..., e,,> | €. € R canonical unit vectors
linearly independent
h %1 0
Sine =0 & | )=li) @0
oY M 0
(e)

h
(Q“ e’ll"- / e,,)\/> ] Cdlve R

linearly dependent

FacT: (Vm, VU_),... ,Vm> tamily ot vectors v € m”

linearly dependent

<:> There is [ with

span(VO, V2 V) = span(v9, U e y®)



N ., The Bright Side of Mathematics — hitps://tbsom.de/s/la

Linear Algebra — Part 24

P (a) o€l
subspace: // _ / (Ag rR" with w® uel,2eR = Auell
~ © uvell = u+vel

1
plane: [R Span (V(q)l Vm, V(s)’ wa _ R\.

)
" N

1
v(® v(4) SPaV\ VO)[ VU) - [R
DN ( )
Span (v, v = Rx iO?S +R
Definition: [A - (Rh subspace _B = (Vm, Vm, I Vm\) / v e Rh _
B is called a basis of W\ if:

(@) | = span(B)

(b) _B is linearly independent

pmy SPaV\(C“ vey e-n)
VY\J
standard basis of R

<o ()6

basis O‘F R
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basis of a subspace: spans the subspace + linearly independent

N\ N\

7 coordinates
L
/\/ 3 % 1
T > 1

coordinates: lA - (Rh subspace , _B = (V(q), Vm, . me basis of W

::> Each vector Well can be written as a linear combination:

h = A v + AV 44 AV , %e@
/\\ //\ (uniguely determined)
coordinates of W with respect to E A
U= M
3 -3 A 2 é\k
Example: R = Span 0 :(1>/ QO) 3
0 0 -1
MY\J
basis of [R

{ -3 A 2
W = /) :1-<0>+ Z-(1>+ 1-(0)
-1 0 0 -1

=
1
Lo
/1
[
—
C o w
-
-+
S
N
\/
+
S
/\
i
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dimension = 2 dimension = 1

Steinitz Exchange Lemma

h
Let W € R be a subspace and

(. /
% (Vm, Vm,,” {v(k)> be a basis of A,
A

( o\(ﬂ' a(ﬂ

i

i\

L au)) linearly independent veotors in (1 .

Then: One can add k-1 vectors from B to the family &

such that we get a new basis of .

Proof: [=1 : By & = (VU)( "

Ve ,Vm' a\m> is linearly dependent

because P is a basis: there are uniguely given 7\4,...,’)\k€ R:

(x) NN WV R WRVIC L -,
Choose 7\;)#0 :

vy - 4

}\. (r/\1vu) + e+ ,/\5_1\/(‘)-1)4- ,/\JHV(‘W)'i‘ e 4 r/\kVU) - 0\(1) >
J

Remove Vm from Dv K and call it ¢



€. is linearly independent:

~N oW N N ~ ~
'/\1\/(1 + oo 4 //\0_1V(.) 1)+ 7\0 O\(ﬂ + r/\6+1v(‘)+1)+ e 4 '/\kvu) - 0

Assume 7\dqé Q : 0\(‘7 = linear combination with VU,)...,V(H), V\"”),__.Vm
4 &)

~

Hence: 7\‘3:0 =>

’/\1VU) + -+ f/\JqVQ"‘) + ’/\JHVK')”)-{- oo 4 ’/\kv(ﬂ =0

lin, independence

—> r'/\\"-, =0 for (e {4,..., k}

:Bbasis
we W => there are coefficients

€ spans U :
V(k‘)

»_ 1 1 i " K 0 1- ) .
VW = 7\0<'/\1v0+...+'/\.,_1vb Ly N0 g AV Z 6 W = /Mvm F o /,\‘.)_1\/(.)1)4_ /‘ﬂ',Vm + /AJ+1V(J+1)+ ! /"k

~

= PV b Ty s ot
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Steinitz Exchange Lemma: (Vm, vm Vm> basis of |/

1o o

~ 5
(O\(ﬂ, o, . al ) lin, independent vectors in [l

% new basis of [}

Fact: Lef Mgmh be a subspace and B = (Vm,vm,_,, ,\/(k\)) be a basis of || .

hen: :
Then (a) Each family (wm ; wm, e, w('")) with m >k vectors in
is linearly dependent.
(b) Each basis of A has exactly k elements,
A N A
basis ve) W) :
e, A basis W@ not a basis
- > > >
e, -
v(‘) w ()

Definition: Let M_C_[Rh be a subspace and B be a basis of U .

The number of vectors in B is called the dimension of .

We write: dim (U> s infeger

Set: olim({op =0 (Spaw(fé) = 500

(6116-1, [ /en) standard basis of ]Rh

dim U\)\h) = h

Examg\e:
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Dimension of l: number of elements in a basis of 4 = olim(U>
h w U
Theorem: u,V - rR linear subspaces >
/[\v
(a) olim(U) = ohm(\/) <:> there is a buec’ﬂve linear map 5 (A >\/

)C\/ — (U \mear>

) <V . olim(U) = ohm(\/) :> u = \/

Proot: (a) (:>\) We assume O“m( ) = 0"'“(\/) .

3 — (U‘m (ﬂ U\m> basis of U define:
Hence: J, \L >§ U=\
= (Vm (7.) Vm> basis of \/ ;(uu) VY

ror xe s B(x) = JC TLED WP WO el "';:’Z"Rd
= /\1'JC(U“)> + /\z'gc(u(z)> + ot /\k'Jc(u(k)>
e R . AL

-1 )
Now define: § :V_>\A / 3[1(\/(0) _S

Then: (5_10 _g)(x) = X  and (fo §_1>(Y> = y “—> :&\ ‘

bijectivetlinear



(<:\) We assume that there is bijective linear map §: M—>v,
\/r\J

injective+sur jective

Let 3 = (U\m (7.) U\m> be a basis of U

= (Ju), Fu),.., SuO) ) wasis in VT

\/} injective \/5‘ sur jective

linearly independent Span(§ ), §u)... S(U\m>> V

= dim(U) = dim(V)
(b) We show: US V olim(u) = olim(\/) — U=V

(U\m, U\m,...,U\(k)> basis of | :> (U\m, U\m,... U\m> basis of \/
VD WICHD WTC I WG

c
= =V O
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AG [P\‘Mh <> SA" Rﬂ —> me linear map

Definition:  1dentity matrix in R

1 0 o -.0 other notations:
o0 1 0 -

1|-V|: . Ob IWILAIIO‘,E,,
0o 0 01

Properties: _ nxm
1.3 =3 for D¢ R neutral element with respect to

A = A for AcR™" the matrix multiplication

Map level: 511 : [R"' — R" AN /}\ N

1.
X —> X
ﬂJf >

=X
gﬂ_ = identity map

\'%

Inverses: hxh ~ hxh ~ ~
AQR ~> AGR with AAzlﬂ_ and AAZ'II.

r~ -1 N
It such a A exists, iT's uniguely determined, Write A (nstead of })

J

inverse of A

hxn
Definition: A matrix Ae [R is called invertible (= non=singular - reqular)

if the corresponding linear map ‘S_A mh —= R" s bijective,

Otherwise we call A singular,

- hxn %
A matrix A € [R is called the inverse of A if ‘5:'5 :(§A>

-1 -
Write A (instead of A )

I

Y |
5 o = ud S

Summary: EA-1 o SA
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injectivity, surjectivity, bijectivity for square matrices

system of linear equations: AX = L W Am:v;ﬁb\e//*\_1Ax = A_1l; => X = A_1L

hxn h
Theorem: A€ [R ’ square matrix , SA : m —> mh induced linear map.

Then: :S:A is injective <:> SA is surjecTive

h
Proot: <:>) SA injective | standard basis of ﬂQ (f-“ e eh>

= (SA(CD e EA (CQB still linearly independent
N — -

basis of mh

:_> §A is surjective

(&) Sa suiective @/JCF@

For each }/é: ﬂ{n , you find xe¢ [Rn with §A(X) — >/

We know: X = X, &, + X, &, + -+ + X8,

y= 5400 = xfle) xS + -+ % Sale)
:> ("S'\A(CD | ey SA(CQ) spans Rh

n vectors

-—> (gA(CD e SA(C;)B linearly independent
Assume 5:/\()0 = §A(’§O => gh(&j\%\) =0
\%
= VNCA(eA + \/15:/\(31) ok Y, §A(€y> =0

lin, independence

“"—5 V1=\/L="'=Vn=0
=>

X = X ~_> EA is injective 0
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matrices
ABe R™

SAB = acA iz

We have: }31 0 (J[‘AB) :> (AB>‘1 _ 3'11[\-1

Important fact: }: th — Rh linear and bijective

=52 5_1; [Rh — R’ s also linear

Prooft: 3:_1(')\)/) — 3:_1()\:?(@) — 3:_1(:‘:(7”()) - )‘X = A §_1(>/> /

¥ linear
There is exactly one X with :F(X) — y
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Linear Algebra — Part 32
Transposifion:  changing the roles of columns and rows
a T
o_‘L = (q1 O\L 0\,,)
oy
T ™
(q1 QL oo an) - o;'L
oy
4] T T
For O\QR we have: (m) =
mxXh T h¥xm
Definition:  For A€ ]R we define A € ]R (transpose of A ) by:
Ay Ay -+ Ay Ay By - Q..
A ~ Ay Gy - Q.. > AT 0‘11 Qg v o0 Qi
a\vm aml 0\,,‘" 0\1h azn a\nm
Examples: 1 1
(2) A B 1 ¢ © ’l) ~> T T 0
"\ 0 3 0 = A = 0 3
1 0
(b)
1 2 S T (1 7
A <z ‘r> = A (Lv
C
() 1 ¢S T 1 ¢ S
A = ¢t 0 ':> /A\ = ¢ 10 (symmetric matrix)
S 0 3 S 0 13

Remember:

(AB) = 37A7
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A€ [RMXh /\——> AT€ H{hxm

standard inner product in [Rh ~> <U\,v> € rR

T
X h m
Proposition:  For A€ TP\M ’ . X€ fR | >/€ R :
T
yehd = LAy %
T \ :
inner product in R inner product in R

R R ST S S,

| /

Ly A =y (A =(yThx = (Ny)x =<y, > O

T Nxm
Alternative definition: A is The only matrix BG TR that satisfies:

<>/, Ax> = <3 Y. x> for all X, Y
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A€ [RMVI induces a linear map J:A: (Rn —> (RM , X QA)(

Ran( A) := {AX ‘XG (R"} c (R”' range of A (image of A)

A\
Rav\( ‘jjA) (see Start Learning Sets — Part s)

Kev(A)::{xe(Rn ‘ AX:O}QRH kernel of A

[ o4 (nullspace O‘FA)
j:A [i()}] preimage of iO} under J:A

" m

R A I R4 ~— Ran(A)

Ker(A) — /_\ subspace!
~ N
subspace! - >

Remember: Ran( A ) o Span <0\“ a, [ e ) O\h> A = o|\1 ceoa,
Vi o . — t 1
Solving LES? AX - l) existence of solutions: € Ran( A)

uniqueness of solutions: Ker(A) # {0} t
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Ran( A)

Definition: For A€ RMM we define: l /;A\_\ )
‘ RM

rank( A) := dim( Ran( A) )

= dim( Span of columns of A)

< min(h, m)

A has full rank if rank(A) = min(h, m)

Example:  (a) A: (1 2 0 0) , rank(A) = 1 (full rank)
(b) -
A___ L1 45 , rank( A) = 2 (full rank)
1 0 -1
—
linearly independent
’ ~ Ran(A)

\

cer4) / ()
=

7

mx
Definition:  For AC]R " we define:

nullity(A) := dim( Ker(A))

mxh
Rank—nullity theorem:  For A€ R ( n columns)

dim( Ker(A)) + dim( Ran( A)) = b




Proof: k= dim( Ker( A )) . Choose: (L“,,,,Lk) basis of Ker( A ).

h
Steinitz Exchange Lemma -:> (Lu---,l’k ,C,,...,C,.} basis of fR
V= V)"l(
Ran( A) = Span (AL“...,AL“ /-\c”...,AC,.>
\\O \\O

= Span ( /-\c,,...,Acb = dim( Ran(A)) <t

To show: ( Y ACr> is linearly independent
')\1/‘\C1 + ')\L/‘\CL+ cen 4 ')\rAcr =0

inearity \} r r
| *\A(Z f)\acaj => Z%Ca e Ker(A)
V= o=

basis of kernel . k r k
::> 21 Nc, = 21/‘«‘} LJ =5 21 Aco + ;("PJ)LJ =0
LS J= Lz =

A =0

= N =\ =

I
—1

= dim( Ran( A))
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System of linear equations:

/ Xy + 3 Xy F ‘sz = 3 equations

1
bx, +6x,+ Ix, = 1 / 2 wnknowns
1

1x, + Gx, + 6X3 =
AX _ l_) auq/rvfiima’rvix (A | l,>

2 3 &1
¢ 6 9|1
) ¢ 6

Short notation:

1

(equation 1)
(equation 2) ~—=> X, = X,

lx, - x, =0
put in equation 1
= X, + 3(2 X,) = F /\A

X1=1r\,——> X'L:Z

& ?x =71 &>
1) Cheok? V.

—‘> Only possible solution: X = (7_

. . . 1
—_—> The system has a unigue solution given by X = ,L)

Better method: Gaussian elimination

Example: X, + 3x, = 7 (equation 1)

ZX‘ - x. =0 (equation 2) — Z:(egquation 1)

eliminate X,
X1 + 3 )(7' — 7 (equation 1)

XL = Z (equation 7_3\

(12) solution

X, + 3x, = # (equation 1)

/\h___>
0 - _7"xl = -44 (equation 2))-(—%)

!

—_:>)(
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AX _ l) auq/w\u_eiie_;ma’rrix (A | L‘>

reversible

Acs B 0 MA=F <« A=N'R
Va

invertible

For the system of linear equations:

Ax=b > MAx - M4,

(new system)

ot -(12) > WA (3 3

T
Q" o0 th > 0(1
Ay - Q. -

— o,

Example: T T
0o\ [T M T o ——
o 1o — o —— = Y
o 1 T
E/\K\J D 0(3 I O(_g + 7\ O(T
invertible with inverse: 10 0
010
-A 0 1
Z3 +M
. mxim
Definition: ZL+’)\J' c R L £ 4 ')\em :

defined as the identity matrix with A at the (L,j)th position.



Example:

Definition:

Definition:

with

Definition:

Properiy:

(exchanging rows)

0 0 1\N/—0—
01 0| — T —
17 0 0 T
\/V\J 0(3

/,-1)4-93

,,_Be"jelkmxm,

(scaling rows)

T

d# 0

I
—

L # ), defined as the identity matrix where the

(th and the jth rows are exchanged.

ch1

_d (Xm

d
row operations: finite combination of 2. o P / < o ) >
L+ J L("’J ‘ n / °-

(fov examP\ei M = ZJ +74 ZZ+81 E"’l>

R 8%

Ae R
Ker(MA) = kKer(A)

and M€ ]RMM

/

Ran( MA)

(invertible), we have:

= M Ran( A)

\\iMy |7€Ean(A)}
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Set of solutions: Ax = L (Aé [RMXh>
&so\u’fiom: X satisfies AY: L

th

X2

Ker(A)

\
/

unigueness needs Ker(A) = 503 exisfence needs LE Ran(A)

"

mXh
Proposition:  For a system AX L (Ae R >

the set of solutions S;: {’)ZC R" | A’j{ - L }

is an affine subspace (or empty).

More concretely:  We have either S = ¢

or S = V, + Ker(A) for a vector \/OC_]R"

A Z\/o + X, | Xo € Kev(A)}
Proof:  Assume V€ S =5 A\/o: L

o

set X:= Vy+ X, for a vector X,¢ R",

Then: %€ S & A:&:L &> AV\@JrAxo:L
(Vo + X,) b

& Ax, =0 & X, € ker(h) 0

Remember:  Row operations don't change the set of solutions:

S = V, + Ker(A)
Av, = b - Ker(MA)

& MAy, = ML
decide l)e 12El\f\(A)
~—=> Gaussian elimination / gives us a particular solution V,

\ gives us Ker(MN)
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Goal:

Gaussian elimination

Solve A)( =0

L> use row operations to bring (A | L) info upper triangular form

1 > backwards substitution:
1>\S\ﬂnvdvow 3)(3: 1 ; )(3:_1?
1

second row: ZXL + %}‘ xz — 1T

v
first vow: 1x1+2xz+3x3=1 _% x1:_’l_?
> or use row operations to bring (Al L) into row echelon form

L—> construct solution set

(named after Carl Friedrich GauB)

1.2 3
0O ¢ 1
0 03

Example: system of linear equations: Lx, + 3Ix - 1x, = ¢
Z_X1 - 1X1+ 7X3 = O
éx1+13x1—4x3 = g
23 1% L3 -k
2 -1 7 o |41 ~> |0 - &%
6 1B -4 |3/-31 0 % ]R3/ 1T
.2 3 -11% . J X, =-1
ackwards _
~> 0 =% & |-%] ~> %= o
substitution X, =3
S

3
set of solutions: S = z<-4)/§
-1



Gaussian elimination: T
0\11 o\ﬂ_ 1n l’1 °<1
-
Ry | Qg2 A | b, | T %
-
Aa| | Ny N in L,,, — ¥
°<T
1 continue iteratively
—_ T az1 T
> <y — a\_”°<1 N~ row echelon form
" a
oLy — = ol
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Row echelon form | 1 /] 0 y 0
A - o o |Lz] -t ¢
0 0 0 ¢ | 8
0 0 0 0 0
M X h
Definition: A matrix A€ [R is in vow echelon form if:

(1)  All zero rows (if there are any) are at the bottom,

(2) For each row: the first non—zero entry is strictly to the right

of the first non—zero entry of the row above,
ﬂ/o’rs

1 3 S 0
A - 0 2] o o0
o O O ||3
o O O 0
Definition: X0 X, X3 X
T 3 s 0 1 variables with no pivot in their columns are called
o Izl o o 7 free variables (xg»
o O O ||3 3
6o 0 0 0 0 variables with a pivot in their columns are called
leading variables QN C Xy th)
PYOCGO‘MVG: Gaussian elimination \ \
AX = L ~> (A | L) ~——> (A | L ) row echelon form
vow operatfions
solutions

S &~—  backwards substifution «~— put free variable to the right—hand side



X, @ /XJ X, ?’ free variables
Example: | 1 7 0 1 g

0 0 2 -1 ¢ /3

0 0 0 ¢ | 8 8

0 0 0 0 0 0
X4 X, Xq

~ /(L 0 1 3 - 2x,\ I
0 2 -1 2 -%x. \ T
0 0 G § —8x | IL
0 0 0 0

E (FX.{= 8"8)(5 => X({,: 2—

2x,

-_“: Z,XJ-XL':Z"(I'XE

x.€ R

=S U=l 2x% = 1-%x; = Ix = 5-&x, =[x =2-3x
L Xy + % = S—ZXL ::'> X1+2-ZXS:

1 -2x +2x,
set of solutions: S = Zx%
1-1x,

Xg

3-1x, =X, =1-72x +2x

X, Xs€ R
1
0
‘3 X‘LIXS’G‘R
-1
1
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Gaussian elimination
M X b
A€ m M ~———=>  row echelon form
X4 Xy X, Xy Xe
L4 1 0 1 0 4
0 0] 2 -1 ¢ 0
0 0 0 ¢ & 9,
0 0 0 0 0 0
/ ] 1
Ker( A) 1 ;
=> Ker =\ X, é) + X —i X, , X.€ R
L 0 1
Remember:
dim( Ker( A)) = wumber of free variables
+
dim( Ran( A) ) = number of leading variables
= h
m X h m
Proposition:  For A€ [R and b€ [R , we have the following equivalences:

(1) AX _ L nas at least one solution.
(2) Le ran( A)
(3) L can be written as a linear combination of the columns of A,

(4) Row echelon form looks like: |

- " = -




Proof: (1) &> (2) given by definition of Ran( A)

(2) &> (3) qiven by column picture of Ran( A)

Ran( A) = {(%1 %h X ‘ XE Rh}
| | :
= x,-(a}1 # o kK| 4 xe R
(4) = (1)
Assume we have this:

0
Then solve (\—\_‘—‘ \ by backwards substitution,

(or argue with rank(A) = vank((AlL)) )

(1) => (4)  (let's show: —1(4) => =1(1))

Assume: L|—|_r/,7 not solvable O = C &
C

2 => 1o solution for Ax =1 (]

0._0
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AX - L ~~—> vow echelon form L.—L

Qo-..‘.....o o
0 « g

S = ¢ or S = V, + Ker(A)

N M X h
Proposition:  For A€ [R , we have the following equivalences:

m
(a) For every LC [R : AX - L has at most one solution,

(b) Ker(A) = iok

(c) Row echelon form looks like: X4 Xy X, Xy X

every column has a pivot

) ank(A) = hn

(€)  The linear map gA [Rh% [RM, X — AX is injective,

(]
hxh .
Result for square matrices:  For Ae [R : (L\@D

e

Ker(A) = i():k <::> Ran(A) = [Rh <:> AX = L has a unigue solution

/M\ TI\ for some b€ [Rh

\4 V
SA injective <-_——‘> ;A sur jective <:> AX I unigue solution

for all be R




N ., The Bright Side of Mathematics — hitps://tbsom.de/s/la

Linear Algebra — Part 43

hXh

Ae (R ~——> ole’f(A) € ]R with properties:

(2) | |
OI@‘\’(A) = <:> ("|\1 [y 0|\n> linearly dependent

<:> A is not invertible

(3) sign of ole‘\’(A) gives orientation (oleT( 1,) =+ '1)
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1x1
Aé X ~~> system of linear equations AX -

Assume
“a | b
B G| ™ ) > Ay Oy Ly S
a
Oy 9qy LL I- T::'I 0 o, 3\_::'0‘11. LL - i_::_ L1 I Ay,
Oy O

"2\ 0

] }
Ay by = Gay b,

X0 {=> we have a unigue solution

GOy = Qqq0y,

0‘41 aﬁ.

Ixl
Definition:  For a matrix A = \o, o € R , the number
2 n

Ole‘t(A) r= Ay Oy, — 4,0y

is called the determinant of A.

What about volumes? ~—= vol, area
/.
/A
in R : VO\Z(U\'V) :— orienfated area of parallelogram / /
W >
) Vi ® N\ Q’r ’
rotate rotate
W\ vV
) >
WU \'%
2 ~ ') e V1
Relation to cross product: embed th info \R oo W= <U1> , V= (Vz>
0 0
/N
[R'-’ .
v />'
—
W
0
”C\XV“ = 0 = |u1vm'\’1u7.|
W V.-V, u Yy

etk V)

|
Result: vo\l(u\’v) — ole‘\'(LIA \|/> (volume function = determinant)
|
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volume measure? . area in (R

« n—=dimensional volume R ;/ %

parallelepiped

Definition:  vol,: Mj ——> [R is called n—dimensional volume function if

n Times
€Y vo\h(um, lAm, vy o(-U\(J), ,lA(")> = o vo\h(um, lA(Z), vy U\(J)l ,lA("))
u(l)\ ,x.u(l) - for all lAm,--. ,u(”)Car
R for all oe R
for all Je 51,..., h}
(®) vol, (U, u®, .., u)+v, . u) = vol, (U0, U9, L, u0), L, u)

+ vo\h(u(ﬂ,lkm, N A ,lA("))

\
R for all um, ,Uk(")C mw
W+ v .
) for all velR
)
W o~ for all Je i1,...,h}

e
u@)

(c) . . n
vo\h(lAm, W9, @, ), L )

= - vo\h(lAm, T RTINS T\R W) ko el WO, WO
for all ¢, je 11,0}
C#y

d .
@) vo\h(e1 b € g ey ey,> = 1 (unit hypercube)
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n—dimensional volume form:  vol, : Rh X e X th — > [R

n fimes
« linear in each entry

¢« anfisymmetric

. VO\h(61,C?’, coey en> :1

Let's caloulate: Gy O 4y R
ay” O\M o\hh

(%)

= 0\11- VO\h(€1 ’ (*)) + e 4 Oy VO‘n(enl ()K))

h a11. a1h
_ Z d A VO\ 01 (*)) Z O 1 VO\ 6J1’ : [ ee)
J=1 QApq Ay
n Qg3 A
B Z Z it Bjpaz* voly Cor S | o e
J1=1 ga=1 QAp3 M

J

h h h
= Z Z Z Gt Bgp1 **e O .vo\h( g Chpreen GJh>
M . L/w

fo p =0 if two indices coincide
permutation o

{1'“‘/“} — E ; Gy Qyz 200 Gyin 'V&(GJ“ SRR eJ.,)

G ijn) €5, o

~

where all entries ‘\ X 1

are different . 4 _1
set of all permutations of §1,..,n

4
1 , even number of exchanges
SQW( Qi,...;J")) o to get to (_1,...,h)
—/l odd number of exchanges

to get to (4,0, h )

Gy Qg "*r Oy,
= i ; 5gn(Gunfn) ) Gy Ogpz ove Gjn = det [ :
Qil---th) € Sh . Ani App * - Qan

(Leibniz formula)
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0‘11 0\11_ oo
de“- ; sqm(()' 'J )) 1)1 le dhlh

O\M 0‘“1 B h lJ)€S

Leibniz formula:

how many ’fevms‘?

For h-= Z . (1)7-) ,(2,1) 2 PerM_‘,a‘hOns ( g )
(12,3), (2,34), (3.42)

For h=3: 6 permutations rule of
(1,3, (3.2, (1.1:3) Sarrus
For h=Y: o 24 permutations
For h: n! permutations
Rule of Sarrus: ot ay 0, 9y
e
Ay By Gy | = + T ¥
O3y Oy @433

Example:

! <

1
det (0 42 | = -1+ 8 + (%) -()-(-8)-% =8
e, —
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4x4—matrix:

Gy Gy, Oy Gy,

a,, 4, &
u
Ay | Ay Ay Ay Ya A Ay

Oy Oy Oy 6 permutations

Ayq| Ay Ay Qg

24 permutations

= @y - det
checkerboard
¢ Ay Qg Gy
A N 6 permutations
X Y a,, a
& + Ay - det
6 permutations
1 %y Oy Oy
~ (A . det 1 R A Ay

1 Ay Ay Ay

b permutations

Idea: nNx N ~~> (n—1)x(h—1) N> e A 33 AD AR A X

hxh
Laplace expansion: A€ m . For J’fh column:

n i+) ..
dle(A) — Z(-'D JO\;O - det (A(L"’)> expanding along the jth column

=1
For Lth row: ’\ (th row and J’fh column are deleted

de*(A) = z (’1)JQLJ-o|e’f (A(L"))> expanding along the Lth row

J=1
exx;ammg along
+ 2nd row
: T 3 ¢
Example _O oo ‘/ +z 7 4
det [ 2 0 0 0 |\ - 9. det|® "0 0
(O 0 1 1
§ 0 1 1

¢

]

= (—Z>(‘1)1 det (:f( Z) = Z'(é"f)
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Triangular matrix:

= Oy Oqp " Qi

Block matrices:

011 q%‘ ljﬂ Lﬂ_' L74k
R A L:M N Lh
0 0 C, C17_ C:(k — A B
Co 0 C
0 a Cl.d Cik
::'> det A 'B> = cle’f(A> ole’f(C)
0 C

Proposition: ole’r(AT> = Olle(A)

nxn

Proposition: A,B € 'R X det (AB) = ole’f(A) ' Olle(:B) multiplicative map
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determinant is multiplicative: det(MA) = det(M) det( A)

Gaussian elimination: A N—> MA
row operations = (see pav’r 37)

f 0o\ /[ — o ——
018 )| —ad— = |

T T
\————-'—\(—) —0(3— O(3+7\.(X_1r

) =1

Adding rows with ZL - Lty neR) does not change the determinant:
+
J

Exchanging rows with P‘:*"J (i#y) does change the sign of the determinant:

Scaling one row with factor ‘AJ scales the determinant by J\J!

Column operations? ole’f(AT> = Ole’f(A) ‘/

Example:

4 1 0 -2 O\ o 11 %0 -2 0
0 2 1 -1 % \ IV 0 ¢ 0 -21
det 1 0 0 -3 1 = def 1ofo—31
1 20 0 3 1 v 0 0 3
0 -1 1 11 0 -L" 11

Laplace expansion - 1 /] -1 0
0 & -1 2
— . det
()t |y sy
1 ¢ 0 3
columns
I-LN 1 -7 0
vE (oo o
= det {1
1-¢ 3 3

Laplace expansion

) 11 -1
= (+2)- det [ 1 -2 -2 ) = 2:13

T -% 3

%

)
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hxh ) n
matrix AGR r~—~——> linear map §A:|R — [R ; X AX

hxh

linear map 5: ﬂ{"ﬁ th ~—> there is exactly one AE[R

with §:«§A

| |
Here: A = <§(e1> £ley) - £len)

unit cube in [Rh | | |

1 m /~

§e)

orientated volume

= deT(A)

volume = 4

~
>

e, e

Remember: det(A) gives the relative change of volume caused by }\A-

Definition:  For a linear map 5= fR"% [Rh, we define the determinant:

| |
det(§) := det(A) where A is <§(T) f(elz) 53(]-»)>

Multiplication rule: de)f(j:o‘j ) — Ole't(f) de’t(ﬁ)

linear map

Volume change:
m

volume = det(A) - vol(F)

volume = vol(F)



N ., The Bright Side of Mathematics — hitps://tbsom.de/s/la

Linear Algebra — Part 52

1%
We know for AE m : ole’((A) 7—‘3 0 <::> AX — L has a unigue solution
<:> A invertible = non—singular

hxh

ror AeR: det(A) =0 & A singular

hxn
Proposition:  For AGR , The following claims are equivalent:

. det(A) £ 0

+ columns of A are linearly independent

« rows of A are linearly independent
» rank(A) = n

* Ker(A) = {0}

¢« A is invertible

. AX - b has a unigque solution for each LGR"

hxh h X h
Cramer's vule:  AER non—singular, Le R , X = (":> e R unigue solution of AX =b.

Xn

Then: ‘
det| &, - a;,, L o, - o,




hxh ot [\)\"ﬂf\ column deleted
Proof: Use cofactor matrix C‘ c R defined: CaJ - (4) : def<7\> ‘th row deleted

Laplace

eXP.a:V‘S‘C’"de-\' A, ., & QJ11 A

-

-1
We can show: A = d
det(A)
} c'l : h

Hence: X=AL'—‘— and TL_: T = Ci,L)
: R CRVEPICILEPIE

n
k=1

linear in the L
¢th column

= det| &, a, b Qiyy or O,




Consider: A€ [K

Question:

Answer:

Example:

AN
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eigenvalue  (German: Eigenwert) (David Hilbert, 1904)

> proper/own/characteristic

hX h

o~ §A: (Rn —> Rh linear map

i § 7/

7

Are there vectors which are only scaled by §A?
Ax = A- X

<:> (A—%ﬂ)x = 0
> XE€ KSV(A—')\’ll_) for a number AE[R

\ \ eigenvalue

eigenvector (if X #0)

for a number 7\€R

for a number 7\€[R

A -

X, = Ax, T
For Lt |A= or i’ii—f’
:> )(1=7\)(1 :> 7\‘—"10»' X,l:O
For | : X, +X, = X => X, =0
Solution:  eigenvalue: A =1

eigenvectors: X:C)") for X,€ [R\{d}



Definition: AC [th , 7\€R

It there is Xe [P\h \iok with AX = AX, then:

« A is called an eigenvalue of A

« X is called an eigenvector of A (associated to A )

. KeV(A—')\’JL) eigenspace of A (associated to A )

The set of all eigenvalues of A . spec(A)  spectrum of A
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A€. [thn ~—"=> .S:A: (Rn — Rh linear map

eigenvalue equation: AX =Ax , X#0

Ix1
optimal coordinate system: A€. R

/ Ax = 1x, Ay:’Iy

A 1 -

u /JEA\I

\
\

W= X+ L')/ Au = A(O"x+ L)’)
= o\-AX + GA)/
= ?-C\X + /|L)/

How to find enough eigenvectors?

X # 0 eigenvector associated to eigenvalue 7\ <’—_-> X & KGY(A - 7\'1'_)
\_/V“/

singular matrix

ole’f(/\—7\1|) =0 <= KeV(A—')\'ll_) is non—trivial
<:‘> A is eigenvalue of A

Example: I-N L
A=Y A= (75

det (3—'}\ q’Z_ \) - (3_7‘)(4_70 -7 characteristic polynomial
1 -

= 10-2h+ A
[
=(A-5H(-) =0

:> . and S are eigenvalues OFA



hX h

General case: For AE(K

a, - A Q4 Ay
Ay Agy ~ 7\
OleT(A AN = det
O\M ahh 7\

Leibniz formula

Y (0 2) - (a2 4 -

h n n-1 1
= (M)A G+ OGN+ G

hX h
Definition:  For AC R , The polynomial of degree N given by

f/\" 7\ —> OIG'\'(A-?\ﬂD

is called the characteristic polynomial of A.

Remember: The zeros of the characteristic polynomial are exactly the eigenvalues of A .
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NE spec(A) <= det(A-2D =0

Fundamental theorem of algebra: For &, # 0 and a@,, G, .-, €L, we have:

')(x)zahxh b o X4t Kk ta, =0

has h solutions X, X, ,..., X, e (not necessarily distinct).

Hence: F(X) = a,,(x—x,.)-(x—x"_ﬂ--- (X-XD

Conclusion for characteristic polynomial: A€ (K , fAO\) r= Ole‘\'(A‘?\llD

. ‘)A('}\) = 0 has at least one solution in C

::> A has at least one eigenvalue in €

Example: A = (0 _;> => FA(ﬂ =N+

1

—=> - and L are eigenvalues

c ) = E (AR (A0

Example: A = (1?—1 > => f)A(ﬂ:(?\-OZ (7\'01

1

Definition: 1f N\ ocours Kk times in the factorisation PAO\) = ('ﬂn (')“')‘«\ "'(7“7‘»31

[p ¥4

then we say: A has algebraic multiplicity k = 04(7\)

Remember: o 1If ’7‘\ € spec(A) = 1< oc(ﬂ 7

. Zo{('ﬂ:h

el
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eigenvalues: A € spec(A) <= ole‘t(A—?V]I_) =0
————

characteristic polynomial

Next step for a given A€ spec(A) :

Ker(A-2) 2 {05

a“ - 7\ a17' ) Q1h O

_ : 0

Solve: Az Oz~ A .
Oy .. A |0

Solution setf: eigenspace (associated fo A )

Definition: A€.[R ) 7\€R eigenvalue

b/@\}:: OIIM( KeV(A—'}\'ﬂ_) ) geometric multiplicity of A

/f-,/ eigenveciors span eigenspace
/

Example: 74
A - lo 10 characteristic polynomial:
0 0 3

det(A-A) = (L-2)-E-2) = @2 (5-2)
= spec(A) = §2,3
7 specth) = 1134

algebraic multiplicity 2 algebraic multiplicity 1



01 1
Kev(A—Z-'lL) = Ker| 00 ¢
0 0 1

X, free variable

Ve
04 1 [ONT T /o1 |0\ ~> X =0
solve system: 00 0 lo | ~ 0o |o ] ~ x, =
a0 110 00 0|0

backwards substitution j

e =on(§)

R=__ eigenvectior

) Xy
solution set: i(o )
0

.::> geometric multiplicity J(ZD =1< O((Q
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Proposition:

(a) A1 84 Gy Gy,
a a,,
spec 7-1,,'. ‘.1' = {041,&21_,..., O\Inh'g
Recall: K
o"hn
det(A-A) =0
<£) Xm maTrix
re spec(A) g mxim mat
(b) Bl C
spec | 1/ = spec(B) u spec(D) (part 49)
xIwk matrix
(c) T
spec(A') = spec(A)
Example:
€)Y 1589
spec | 030 38 =
¥ 0017 {1'1&’31’
00 01 algebraic multiplicity is 2
0 F + J 8 ¢ S 0l 0 O
o 0|5 0 0 O 1 2 t & 0 O
spec 00l28 0 0 = spec| |, - uspec| = g
0 0 §6 1 L 3|0 3
0O 0|13 0 3

5 0 1L
:{1,?%Uspeo<? g USPGC< ) 3>

=§1,%,5,3,1,3}

= 1,3,5—,7',8
583

algebraic multiplicity is 2
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spec(A) < C (fundamental theorem of algebra)

h hxn
<'> Consider xel  and AQ(E

" L+l L
Definition: ([_:h: column vectors with h entries from ((H >€(I: >

q:hnx\n: mafrices with m x n entries from (]: ((c L—1> €(D'Lx7.>

0 (3
/"' in <[:
Operations like before: (x,) + ()’1) . — (XH}QB
X Yo Xit Vo in C
——"in

G = ()

T

h
Properties: The set ([: together with + , «is a complex vector space:

€)) (G:h’ +> is an abelian group:
() U+ (v+w) — (U\+V) + W (associativity of +)

(2) vio =v with 0= (O> (neutral element)
0

(3) V+(—v) = 0 with _v:<-;\/1> (inverse elements)
-V,

() Viw = W4V (commutativity of +)

(b) scalar multiplication is compatible: +: ( x q:,h —> G:h
(5) ’)\(/u V) = (7\'#}'\/

(¢) 1.v =v
(c) distributive laws:
(7) 7\-(V+w) = AV + AW

(g) (’7\+/A)-V = AV +/\A-V



7~~~ same notions: subspace, span, linear independence, basis, dimension,..

0 0
Remember: 1 1 ': n
e1: <o> €, = o> e, €, = 0 basis of ([,
0

— dim(C’) = n <o|mn(<[l) '1) %
\

complex dimension
P

h _ _ _
Standard inner product: W, ,VE (]: : <U\,V> = WV BV + et U, Y,

R

Wn

\
standard norm — uU\" = \l<U\,U\> = \J|U\1|1+--- +

Example:

”(1)“ = l|a.|1+|-1|1‘ - [
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Recall: in R <X/)/> 2 %k Y

in (Eh: <P :Zh’x_l(yk

k=1

n R < /\y> {A %, y> -
z (AYk Zxko“\)y Z(T)kakyd

J=1

" Gy = Zxk%ya qu\)xk

-
—

- <A <y
m % qh Qa Q,, -+ O "
Definition:  For AE C " with A= (q 41.I. 13 E4 ‘) ’

u

d:

Zkhrllrl
E Qyy 0 Qg -
I
o, A oy

is called the adjoint matrix/ conjugate transpose/ Hermitian conjugate.

E les: 1 1 % 1 3
xamples €)) Az(} Q) :> A :<'L q’>

- 2
(b) . 1+t O .
A= ( 5 4-z> > A= 4

a 1+




Remember: in [Rh: <x,y> = xTy (standard inner product)

in (Ch: <x,y> — x*y (standard inner product)

Proposition:  spec( A*Y = ii | A€ spec( A )z . .
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hx
Definition: A complex matrix AcC " is called:

(1) seltfadjoint if A*: A
(2) skew—adjoint A7IL =-A

(3) unitary if A*A = AA* =1 (=identity matrix)
(4) normal if A*A = AA*

Example: () 1 14 (T 1 7:
A= (—li. O> = A B (2_ _> :(-Zc >:A

¢ 0
(b) A— L —1+'ZL> A* ~ L 140 ) - 4'153 __A
) 14 i S\ 30 ) \A-1e -3

1 0
(c) A _ (bo (-|-> not selfadoint nor skew—adjoint but normal.

\\I/

Remember: A € (]:hx'" A€ rR"'*"‘

. T
adjoint A* transpose A
selfadjoint symmetric
skew—adjoint skew—symmeTric

unitary orthogonal




Proposition:

(a) A selfadjoint => spec(A) & real axis

(b) A skew—ad joint :'> SPeC(A) C  imaginary axis

(c) A unitary :> SPeC(A) C  unit circle

choose:

Proot: (a) e spec(A) => ecigenvalue equation AX =AX . X#0,|lxll=1

7\&&9: <X, x> = <x, A x> = <A*x, x>

1 selfadjoint

= < Ax, x> = Dx x> = Ak, x>
e

(C) choose:

Ne spec(A) => eigenvalue equation AX =A% , X#0 XN =1

<?\X, Ax> = <AX,AX> = <A/té X, x> = % X> = 14
(l 4

AALK,X> = I?\\'L —‘—‘> N lies on the unit circle []
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Definition: A/:B QCEhXh are called similar if there is an invertible Se(l:hxn

-1
such that A =-S5 RS.
(Fov similiar matrices: *§;A injective <:> }3 imjeoﬁve>

(FOY similiar matrices: ‘5:A sur jecTive <:> }3 suyjecﬁve>

change of \oasis//l

Property: Similar matrices have the same characteristic polynomial,

Hence: A/B similar :> speO(A) = SPGC(B)

Proof:  py(2) = det(A-N1) = det(SBS-A1) = det(s (3-24)5 )

= det( S ) det(B-01)det(S) = AQ

\/-ole’r(ﬂl) 4

4 /A

1

Later: o A normal :> A — 5 ( 4.'. >S (eiqemva\ues on the diaqoma\)
M

e Aec™" N A _ 5—1 (7\4...(*)> < (eiqemva\ues on the diaqowa\)

N

(Jordan normal form)
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Recall: o((?t) algebraic multiplicity
bf(?l) geometric multiplicity (: dimension of Eiq(’/\)>

nxhn

Recipe: AE(]: : (1) Calculate the zeros of ()A(?\) = ole’f(A—?VlL) .

Call them Ay, ..., Ak,
with (), ., %(A),
—

sum is equal To n

|:AE [Rmﬂn’ I)\d- zero of FA :> Td zero of ‘)/]

(2) For Je {1,...,}(1: Solve LES (A *7\\}'1[) X = 0

Solution seft: Eig(’/\J )  (eigenspace)

k
(3) All eigenvectors: U Eiq(’/\d- )\ iO}
Je

xample: R-n R G
Examp A: <_%| % L:) (1) FA()\) = det <—'1 -2 1 >
7 -t -1 -1 -t -1-2
) 2 Tz (-2 (@-2)(-2-2) £46 - 14
FA(7\> = - ,/\(,}\"(0 " 8(’[—7\) +‘f(3‘7‘) 4 g(,.zq\)

eigenvalues:

?\4:0 / 0(('/\1):1
7\L=L\' / °<('/\1,):2

(B-2) (4 4N) + 46870+ 37 - ¢
2 J6 - 8%

(3-2) (-4 +n) - 202 +32

\

I

- :&+47\+&7\1~7\3 -0 +32

= A (-7\%3%—44) = - M?x—‘f)z



(2) eigenspace for A, =0

33 &\ T 4 1 1
EiQ(//H) = Ker (A~7\1'1|_) = Ker <— 7 1 = Ker 3 34 ('I"L
- 7, - -

A
T]Erﬁ -1 7 1 ]T]Iw_“ 41 1
R L'g
= Ker 0 4 11 = Ker 0 7 1
0 -8 -¢ 0 -2 -1

eigenspace for A, = 4

¢ R G\ Tl -4 -7 1
Eig(1,) = Ker (A~')\l’1L) = Kev<— -2 _14 = Ker | ¢ 8-(2

4

T AN TT A
= Ker|[ 9 08& )] = Ker|
0

(3) eigenvectors of A : 0 -1
o <5P3W<1> U Span( 1 )) \ 5_0%
Z 0
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hxn
Assume: X eigenvector for A€<l: associated fo eigenvalue re @

Then: Ay = Ax => A(Aﬂ:A(X@:?\(&)
4 S x
Ax

= Ax=Nx = Ax=n«x
induction

:> AMX = XMX for all e |N

Spectral mapping theorem: AQ(Eh“ , ‘J: (]: — | r)(‘t) = C,, 2 4 e C, 2+ C,

befire: p(A) = ¢, A"+ AT w e r A v eC™
Tren:  speo(p(A)) = z '9(7\) ‘ A€ spec(A)}

Proof: Show two inclusion: (:_>) (566 above) v

(_C_> 15T case: P constant , F(a: Co -

Take '\ € spec(f)(A) ) => deﬂf/(ﬁ—)) A1) =0
V/4
(Ca"c\x)h Ca'ﬂ—

= e §40) | resveotn}

2nd case: P not constant. Do proof by contraposition,



Assume: /J ¢ Z F(')\) ‘ AE sPeO(A)}

Define polynomial: 7(2:) o

ple) =

C-(z-a)(z-a) (2-a.)
*o

—
—

By definition of /A : O‘J¢ spec(A) for all J

= det( A-qj1) #0 for all j

Hence: OI@"(F(A) —'/u’ﬂ_) = ole’f( C\(A))
- d@*(C (:A—OW)(A "0\13 (A—O‘h\)>

= ¢". det (A“C\J det (A"O‘z) - det (A'O‘h)
£ 0

—> /A Z speo(f)(/\))
Example: A = <i zz.) | sPeO(A) = {1,9’}

D oIR-HeA-1L | speo®) = {-5, 81|
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Linear Algebra — Part o4

Diagonalization = transform matrix into a diagonal one

I

find a an optimal coordinate system

Example: A _ (3 2’7 / ’)\1 =& } )\z: 1 (ei@wva\ues)

1 1
X = C) I y - (‘115 (eiqenvec’rovs)

I\ A N

L
4

ox+ by > e dx+ fAy

\

hXxn

Diagonalization: A€ Q N—> ?\1'{/\2, TR ?\h (counted with algebraic multiplicities)

> X(ﬂ X(l) ()
/

peog K (associated eigenvectors)

~ A x(ﬂ - 7\1 x(ﬂ . A X(n): r)\hx(n) (eigenvalue

equations)
|
A )|((1) )|((ﬂ x(h) — A x(ﬂ Ax(ﬂ A X(h)
) | T\ /A
“ (1) (n) 1
) 7\1‘)( i it = X XL 7\1.
. o’



—> AX=XD

-1
1f X is invertible, then: D = >< AX A is similar to a diagonal matrix

Application: 93 -1\ J8 1 -1 —4 ~q
A = (XDX ] = XDXXDX XDX -+ XDX
e e
98 -1 L r -
= XD X
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A TN A

¢ h
canonical basis: neC” AuweC
2 7\ /0(1 XDy g x®
-1 -1

X K X X

2 2
0(1 /_\ A
eigenvector basis: (mL D (7\1 u1> X—1A
*y ?\h"u“ :D I ><
: . . hin ] W @ Q)
Is that possible?  For given matrix AC(E with eigenvectors X', x , ..., X

. 1 L)
« Can we express each ued’ with o, X+ o(,_x“+ e 4 O X( 9

]

. Span(x”, 58 k) =" ?

1 n)
(X(ﬂ, X(,)...,X( ) basis of C" ?

X = )(m )(m... x(") invertible 6?

h
Definition: A e (C " s called diagonalizable if one can find h eigenvectors of A

n

such that they form a basis C



Example: (a) A0
A: <0 ) eigenvectors :> A is diagonalizable

) f e’1 1 €,
(b) N
B — <1 ! > | (0) / (4> eigenvectors ':> 3 is diagonalizable

6 1L

0 1

(c)
4 4 .
C _ ('\ ) , all eigenvectors lie in direction (0> _:> C is not

diagonalizable

Remember:  For AC,(Ehni

5 0((’)\) = )(7\) for all eigenvalues A <:> A is diagonalizable

A normal => A is diagonalizable

(Owe can choose even an ONB with eigemveofors>

) A has n different eigenvalues :> A is diagonalizable



