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(s
Vectors in R

e N~

"vector space"
what are vectors? 7

AV

scaling

Calculation rules visualised:
’ W A

'\@ion
e A

Viw

" L
Definition: fR = R X [K , elements written in column torm: ¢ o

(Cartesian product)

| o (% - @0t steps to the right
go L steps 1To the top

—————— >
| y 1 AV,
Scaling: \e R ) V= (\;) c (R : WY b= (l)\V)

Addition: V=<V1) W :qu R : vaw:= Q“ ! \“’1>
% W V, + V),

L L
[R together with the two operations (-,+) is called the vector space R
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1
m with two operations (-,'\') is a vector space,

> combine them: linear combination

N R

\
/

L
Definition:  For vectors v‘”, vm, v(k)é |R and scalars 7\1 ,7\z ,...,?\ke fR

/

|

k
the vector V = E 7\() Vm is called a linear combination,
5=1

d L
Question:  Which vectors Ve R are perpendicular to the vector W = <1>“?

N

_~
\V4

Answer: |\ = (31> and  v= (\/1) are orthogonal
v Vy
\/ ~U
<:> (1>:7\- t for some 7\€,R
v, W,

<.:> IA'A =~ u,A U, and Uy =IA1-7\-V\1 for some 7\ 9 [R
1 k)r\—; —’

1 -y

<:> us« = =V,- Wy and \szlz'—v4-\1\4

<:> Uy, + v, =0
V4
<U\,V> (standard) inner product

<-> more structure (geometry)

ﬁk\/z length of v = i+ VZ-

—~ Euclidean
V,

"
1 v il:= \|<V,V> is called the (standard) norm

Definition:
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st case:  origin on the line | A L
normal veo tor
R PRI S Y
:iven{ | <n v = o}
Example:
i L= e R | <ea>= 0¥
Ao~ =1()eR] y=3
2nd case: origin not on line L A(V'F L
L:Zveﬂ{ll@ v—p>:0} n
P S
:Z(eﬁ{‘hmhy SE ( g
8:=n,py
Example: /’\/ € . ] ’
By L= J(5)eR IZ;?C,S} n-(7)
— S —Zx+y=5‘ §=5
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/N [Rl /N IR3 space
plane /
> >
h
(R :{Rx---xrR for Ine[N
— Y
h fimes
h N h
write Ve R in column form: VY = \:l < [R
V.

W V W,+V.
additionn. W+v = (;1> +<§1> ::( 1-: 1>
U, vh uh.+vh

scalar multiplicationn AW = \- (U"> - <7\':U\1>

uh 7\lA.,

L’> (Rh, + ) is a vector space

Properties: (a) ([Rh’ -\-) is an abelian group:
1) U+ (V-i- w) - (U\+V) + W (associafivity of +)

(2) veo =v with 0= (0> (neutral element)
0

(3) Vf(_v) = 0 with _v:<—;\/1> (inverse elements)
-V

n

(4) Viw = W4V (commutativity of +)
(b) scalar multiplication is compatible: +: Rx R° —> R
() N[ peV)= (Ap)ev
(¢) 1.v =v
(¢) distributive laws:
(1) 7\-(V+w) = AV + AW

(¢) (?\-f'/‘i\)‘v = AV +/J«-V

Canonical unit vectors: 1 ? 0
e1 = 0 f 6L= 0 I en = 0
0 ; |

V, h

f
V h

V= e [R can be written as a linear combination: V = VJe,
v =

n
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(linear) subspaces: /7///] /// // ;:’;hp:fﬁ:isa\

lines planes spaces

affine subspace

v
In [Rl - N
$&— linear subspace
>

Z
7

h
Definition: lA - [Rh / u #* ¢I is called a (linear) subspace of [R if

all linear combinations in LA remain in Mi

u(1)/ u“—)l " u'(k) € M k |
:> g :7\‘-) TS A
MNoNy s, Ae R 5=1
A
w not a subspace V/\\ lA .
. subspace
N ;lb _ ‘ Au -

Characterisation for subspaces:

a) o€ W
Mg [R is a subspace <:> (b) W€ \A, 7\€[R :> A-ue
) uveWl = u+vel

10 & subspace!
h

U=R

all other subspaces u satisfy: 5-0& < U - [R

m
X
)
3

2
o
i
|l
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Examples for subspaces: (1) M - Z_ ();1)6“23 ‘ X, = X d X = Zx}
t 1~ Ng AN 2 - TN
%

Is this a subspace?

Checking: (a) Is the zero vector in M‘?
(X1> (0 X,=0 = X,

x:o = X = O p—
> X, 0 e X;= 0 =-1%

=54 oe_M \/

(b) 1Is M closed under scalar multiplication?

)
Assume: W € M, AN , W= <“11>

“3
Then: o=t
ug - _Zu-‘_
x\ /AU,
What about? x:= A-w CoX = ox, = | A
X 9‘“3
3
D h ? X, = X -
g e nee 1 - which is equivalent to ’)\“1 B 7\“.,_
Xa = _?'X‘L ?\“3 = -2(?\“1)
Proot: U, = U, A Au, = Au, /
U\g - -ZUH _> 7\U3 —_2(7\ lA-L) ___> X:= % v e M

(c) Is M closed under vector addition?

W V,
Assume: U,V € u I W= <“1.> y V= <VL)
W, Vi

Then: U=\, and Vi =V,
U\3 =-7u, V3: -lv

1

X4 UtV
what about? Xi= W+V | X=1| x,]=1| %tV
X3 WtV

Do we have? X, = X Wt+V, = WtV
which is equivalent to
Xy = —ZXI‘ lk31' S —'[_(“21. V‘L)
Proof: U, = u, nd Y, =V,
“3 = ‘2“1 Vy = _zvz

:_> WtV = WtV _> Wt 'V, = WtV
WtVy = —Zul-&(—ZVJ B Wt V, = —Z(uz+ Vz)
= xe= urv eV
X 3
= = X CR X, = X, and X, =-1x, subspace!
I : ;
1
(2) | :iGDCR ‘ X=X, }

Show that (b) does not hold: W

N

(2 =(eu e
A = (D Z U

- ZL: X:'# X, =12 r:> not a subspace:!

what about? X 1=
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linear span/ linear hull/ span

A N
linear not a linear
subspace subspace
linear subspace
SPaV\(M) < contains all linear combinations of vectors from M

smallest subspace with this property

h
Definitionn M < R non—empty

k
Spav\(M) 1= iue th ‘ There are 7\J€R and u(()) € M with: L :z%m(;‘)}
J=1
10}

Examp\e: (a) {‘(1)1 — [R'L A ~— SPaV\Q(DD
1 =)

Span(¢)i

|

N
7

Span(i(DD:: iue [Rh ‘ there is 7\€TR such that W = 1(})3

/4

span((D) = ix- (1) | /\ef@ - R@

MnE. !

Sva"<(i)f(é)> = {@ x,yeR} -

We say: the subspace is generated by the vectors (10) ,(0) .

oo -

h
Example: [R = Span (e,“ Coq,n s &.,,)
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h
inner product and norm in lR 2

L'> give more structure to the vector space

|—> we can do geometry (measure angles and lengths)

U

S

h
Definifion:  For u,ve fR , we define:

<u,v> = UV, WY, o R UV, = U;V;  (standard) inner product

v=1

1t <u,v> = () , we say that W,V are orthogonal.

Properties: The map <, : th Rn —> R has the following properties:

() Lu,w> >0 forall ue R

ln,wpy =0 & w=0

(positive definite)

(2) u,v)

<V/ U\> for all LA,VG‘_IRn (symmetric)

J

7 <u,v+w> B <U,V> i <U,\~/> (linear in the
u 7\'V> = Alu, vy 2nd argument)

for all w,v,weR and AeR

n
Definition: For uG.R , we define:

Euclidean

_ v
||u.|| ::W|<U,U\> = \lu}+ut+--- + ut' (standard) norm

Example: 1
¢
W= <g> c R , V=
1

ol ={f+F =, M={"-2

o O ~ND

>em", {u,vp =0
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Cross product/ vector product

L> only ng

1
map X ngxR %"{3

VJ
W, V “LVJ - WV
Uxvo=fu | X {%| = | W -uwy
Uy K WY, — WV

3
With Levi=Civita symbol: WUxV = %:I# EL‘)]‘ U Vi €

W Y
De‘ﬁni‘hoy]; For u-= <“1L> ; V= (V\.> € [R? ; W€ oleﬁme the Cross PYOdb(C‘h

& canonical unit vector

Properties:

(1) orthogonality: WU x V orthogonal fo U
(with respect to the standard inner product)

U x V orthogonal o V

UxVv N
Vv
> middle finger
UxV index finger
(2) orientation: right—hand rule v
thumb > u
(3) length: “(A X V" = area of the parallelogram
/v >/

|
l
) : 40 — 0-1 0 (1) orthogonality /
WxV = <1>§( <1> = (O-O -20 | = 0 (2) right=hand rule
0 2

(3) \eanh‘/
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Matrices ~> help us tTo solve systems of linear equations

Matrix = table of numbers 6y O, -+ OQ,
Y G G height = im
O\LJQ R . : rOWS
Ay &, - Hon
m
width = b columns
Example: n=23 , m=1 ({, o 1
(& 70
Set of matrices: [Rmxn
s Lddition
and ~>> vector space
scalar multiplication
mxn
Addition: A, B e R
GH -ee Oy, L’H o lD1I'| an + Lﬂ s a1h+B1n
. S N I | = :
4, --. o b, --- by a,+ b, - a +h,,

Example: Q’l A > n (1 0) — <?_ 2> € Ruz
3¢ L >
Note: T v 3 4 s 3> is not defined:

mx n
Scalar multiplication: A € ,’R ) //\G(R

Gy - Gy A Qy - 7\'&1,,
' . ' . mx n
" ANd,, - Mo,

L mxn
> ([R ) T, ) is a veclor space

Properties: (a) (I’RM

X N
’ -|-> is an abelian group:
1) A+ (B'fC) — (A+B) +C (associativity of +)

(2) A+ro = A with 0= <oo> (neutral element)

6 -0
=0y >*- =0y,

(3) Af(_A) =0 with -A= [ ° :_ (inverse elements)
4. .. -0

) A+ B =D +A (commutativity of +)

(b) scalar multiplication is compatible: - : (R ) [R‘mx n% [RMXH
o Al A= (o)A
) 1-A=A

(c) distributive laws:

(M N(A+3) = NA + 1B
(¢) (?\+/-«>A = 2A +/~AA
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Example: Xavier is two years older than Yasmin,

Together they are 40 years old.
How old is Xavier?

How old is Yasmin?
X = >/ + 1
X + )/ = 40 <— 1fwo unknowns and two equations

Another Example: Lx —3x, + g, =-7

4 equations and 3 unknowns X1llex3

10 x, + 10x, = 30

10x,+ 15x, = 30

Linear 606\/(5\‘“0\4: constant - X1 + constant - XZ + y + constant - X“ =  constant

Definition: System of linear equations (LES) with ™ equations and h unknowns:

0‘11X1 + 0‘11XL toeee 4 0‘1an

)
-t

0\21 X1 + 0\29-XL + .. + dznxn = L

0\n1x1 + O‘m’)_XL + e 4 o‘vnnxh = Lm

A solution ot the LES:  choice of values for X,,..., X, such that all

m  equations are satisfied.

first equation

A/ second
Note: — it's possible that there is no solution m=1 ,n=1 % /e%uafion

/// -

first equation

A second
— it's possible that there is a unigue solution m=1 ,n=1 /easuaﬁon
N
/ e
first equation
A sea::onol
— if's possible that there are infinitely many solutions equation
>
Short notation: Instead of Gy X, + O X, + -o- 4+ 0,X, = b,
Oy X, + Gy X, + -0 4 0, X, = L

o\m1x1 + o‘m'LXL + e A+ a\mnxh = le

it Gy Oy - Gy, l’,
we wrlile a G, 000 a " l_,
AX = t) with A: uon z , 5o h
At O:n.z ot %en L"'
X4
and X= %
xh
Example:
2x1—3xlqua =-7 /4 _3 (" _}
“3x, 4 X, - X =0 -3 1 - X4 g
can be written as g X —_
10 x, + 40x, = 30 20 10 0 1 = 30
10 x,+ 15 x, = 90 0 10 12§ X3 30

matrix—vector product

"“matrix Times vector = vector"
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«— number of rows
. Mmxn
Names for matrices: A€ [R S~ number of columns

nxn
square matrix: Aé R for example: (1 ? j>

2 & 1
¢ 1 3

mx 1
column vector: A€ [R for example: (2>

L

row veclor: A€ [R“h for example: (Z & 6 ?’>
scalar: AQ [R1“ for example: (Q-)

m
diagonal matrix: Aé [R g a

= () Booo
0 gmy
for L# 00
o LE) a 00
HooO
0 B 0
0 o B
upper triangular matrix: A€ Rnxn B EE
a;=0 for L>] 0 o B
lower triangular matrix: AQ Rnxn E 2 g 8
o EERO
Ay =0 for i< IEEME

X
symmetric matrix: AG R <= : => (7{ 2|,
HEN 31
QLU"Z al).‘.' for all L’J
skew—symmetric matrix: AQ Rnxn <’= : => (_?2]
-il - N -23
QI'U': —aA:. for all |

L “1)

OO0 O

O OO0 O
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Column picture: Aé R "

aH a, - a4
Ayy Gy - -

: Q1 QZ e oo
4»‘4 th © oo %Vl

Matrix—vector product:
Ax

vector

Definition:

_ Ay G, .. G

4 l >

ql'l / az:
X
X,
X,

G&h

J[A: Rh%ﬂ{m | X'%AX

linear map

input output
= A > AxeR
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AC RMxn <

collection of m row vectors

-
Gy Qp v Gy, Xy —
I
4,y . % —— X, ——
X; = (O\H Qi, - o‘t.n>
K T stands for *transpose*
U ! 1 f col 1
. T ranspose o column veclor
flat mifrlx W= %] = (M1 u, LM) .
_ : row vector
R 7 }
T h
WX for XeR is defined.
L 1 1
Example: (’] 9 5) ¢ = 1-2+5%:-4 +G.¢€ :<<%>,(Z>
S
6 N
standard inner product
-
Remember: For u,y& th N WYy = < W, v>
Row picture of the matrix—vector multiplication:
R, S oTX
T T A
Ax - ! x | = %X JeR
T
— o — Xy X

Example:

2 1 2> ‘;5 B z-3+1-4+2-0>_<?>
S s )\ 33421410 A\
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matrix « matrix = matrix (matrix product)

AcR™" beR” ~> AbeR”
A R™" b L € ~> AL, Ab o, Ab e R

| ]
A Bf 13| b L= [ AL AL AL,
AT L,L‘/\‘/

Q[RW)XY) € thk € Rmxk

m k
Definition:  For A€ [R XW’ B C RV’X , define the matrix product AB :

—0(-_1r|_— | | O(TL1 D(TL')_ tre O(TLk
AR = ST ()1 b, - Lk = ‘XI.LH ‘XI.LL O‘I_Lk
— o), — | o by o b, O(-I':Lk

Example: h o
(? 1> s 0)
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matrix product: RMxn X Rmxk S RMXk
(A,B) —> AB

n
defined by: (AB)LJ — Z Aig L!?J
L=1

Properties:  (a) (A+B>C = AC + BC
D(A+8) = DA+ D3

A (AB) =(A-A)B = A(nB)

(distributive laws)

(c) (AB)C _ A(Bcv (associative law)

(o) <(AB>C>% = Z;(A@“ o

i ;(Z Aaber )Cy,

- Z ata ; bay :Z 0a @O?{)
(a0,

Important: no commutative law (in general)

G600
R
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linear = conserves structure of a vector space

T~

h "
For the vector space (R 3 vector addition +

scalar multiplication 2-

n
Definition: f: [Rh —> R is called linear if for all X,Ye ﬂ{h, e R :

@ F(xey) = 56 + 5(y)

addition in [Rh addition in fRM

(k) L(ax) = 2§
Example: (1) S R — R ‘ 5()() = X linear

(2) §: R — R ‘ §(X> = XL not linear because 5(3-1) =9

151 =37
(3) §: R — R ‘ ;(X\ = X+ 1 not linear because
Slo1) = 1

o-§(1) ="
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AeR™ ~—> 5 K— R/

XI%A;(

Proposition: §A is a linear map:

() §i(x+y) = §) +§A(y) , A(x+y) = Ay, A)’ (distributive)
(2) 5(xvx) = 25K, Alx) = 7\-(Ax> (compativle)

cramgle: (4 %L)<(§)+(Yy*)>: (% %) @’;Q

matrix A (fable of numbers) O=>> 5/\ abstract linear map

Now: two matrices A,i}

Ae 7 /JCB\ /JCA\\
e e GOEE
€

Nk

Jre530) = fa(56) = 5,(8) = ABY) = (4B)x

L/\(\/
Sn
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Linear map: 5:5 [Rh —> [Km | Xl\le JC(X)

\ h components

x1
X= X = Xie + X,e, + .-+ X, e,
h \ /t 7

canonical unit vectors

To know JC(X)I

it's sufficient to know

;((’.1) [ oee 5(%)

linearity

}(X) = y(x1e1 + X.e, + .-+ xh@,) 'é
= %, §(e) + x §(e) + -+ x, §(e)

Proposition: 5—\: fR" —> Rﬁ linear .

Then there is exactly one matrix A€ H{Mh with } = fA

(509 = A

and

oot 0= 5(0) = A

= }(X)
Unigueness:  Assume There are A,BE H{Mh with §= 5A and 5:: 3‘\3
=> Ax = Bx foral xeR
> (A-3)x = (‘D for all xR

Use ¢; 0 -0
= A-3 :<> = A=1 O

Q-..0
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51 [Rn —> [th linear

— preserves The linear structure
— linear subspaces are sent to linear subspaces

YAVAVRY.

\
V
W

\ %
V
\ 22
V

]

(5 0)
“ /N

Y
Y

1 (o) 1
/N

Y

Y

cos(®) -sin()
sin() cos(w) \1

1 /\/

Y
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1’R7': e/u colinear: U = v
V

3
' coplanar: L = AV +/A\,/

& 0=(NHu+ v + W

plane

h
Definition:  Let Vv - v® e R The family (v V) (Oy {vm,vm,...,v“*@

/

is called linearly dependent if there are 7\‘ ,r>\l L, 7\k€ R

that are not all equal to zero such that:
k h
zevo vector in R
(J) &
215 = 0
J=1

We call the family linearly independent if

Z)UV(J): 0 => W=D =)=-=0
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(v Ve ,v(”) linearly independent if

/

t
S

Z')\JV(J): 0 :> %1:]1:)\3:...

E les:
xamples: () (Vu)» linearly independent it V(1) 4 0

(b)
( 0 sz,--- ,Vm> linearly dependent
(%1:1 /’)1=>\3:'”

(c) (@G)' (‘1’)> linearly dependent
-0 -G) =0

(|
S
-

(d) "
(Q,, e, , ..., €y,> / €. € R canonical unit vectors
linearly independent
h ’)\1 O
S o o ()1 @nonan o
= M 0
o=1
(e)

h
(Q,, e’z:“- / e"")v> ] Cdlvé R

linearly dependent

Fact: (VU), v® V(")> family of vectors vO) ¢ R’

]°°° I

linearly dependent

<:> There is [ with

span( v, v® ,Vm) = span( VY, VWD v“*’?...,v"‘W
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P () o€ W
subspace: / / ug rR" with ® uel,2eR = Auecl
> @ uvel = u+rvel

plane: [R'L

Span (v, y® @ ) o R

)
%

_V<(n ./)v(‘) - Span(v(’), Vm) = Rl
Span (v, v = Rx Ws +R

Definition: [A - (Rh subspace , _E = (Vm, Vm, e Vm) | V(J)C Rh )

B is called a basis of W\ if:

(a) (A = SPEM(%X

(b) E is linearly independent

Examp\ei [Rh = SPaV\(eM Tt e"‘)
\—/\(\J

standard basis of R

¢ ()6

basis o{: R
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basis of a subspace: spans the subspace + linearly independent

N\ N\

N 7 coordinates
R v V = ( ‘f> v O‘F V:
€
7 <1

coordinates: [A = Rh subspace , _B = (Vm, le o me basis of W

V

‘_‘_> Each vector e |l can be written as a linear combination:

W = 7\1V(1) + 7\7_V(1) + .- 4 7\kV(k) , '>\J€@
/\\ //\ (uniguely determined)
coordinates of L with respect to _B A
U= M
3 -3 A 2 (}\k
Example: [R = Span 0 ‘(1>I (03 3
0 0 -1
\_//_\K\//
basis of [R

—
1

N

/'

() () )
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dimension = 2 dimension = 1

Steinitz Exchange Lemma

Let |\ € [Rh be a subspace and /Z 7 /

:B — (v“’, v Iv‘”) be a basis of .

!

\A — <o\(ﬂ’ am, . au)> linearly independent vectors in (L .

&

One can add k-/ vectors from B to the family

Then:
such that we get a new basis of U.
Proof: /=1 Bo &k = (V(ﬂ{ vm,m ,Vm. 0\“’) is linearly dependent

because B is a basis: there are uniguely given 7\1,...,')\k€ R:

(x) NN WV R WRVIC L -,

Choose 7\\;#0 :

(»_ A ) i
i _——?\_' (,/\1\/(1 + o+ ,/\5-1\/(',-1)"‘ f/\JHVU”)'{' et ’/\kv(k) - 0\(1) )

J

Remove Vm from Bu N and call it e

€ is linearly independent:
'/\1\/(1) 4+ -+ '/\__Vb-ﬂ_'_ >\d 0\(1) + erJHV()”)_{_ oo 4 '/\kv(k) — 0

c ?\di 0 . 0\(” = linear combination with VU,)...,VU'O, vy
b &)

,\1Vm PR VAV r'/{.jan)‘* oo f/\ka = 0

lin, independence

=> =0 for ieft..K

:Bbasis
we W => there are coefficients

€. spans WU :
V(k)

o (’/\1\/(1) 45 ooo +f/\J.1V\')-1)+ '/\J“V\')'1)+ noo db ’/\ka - o\(ﬂ) u — [A 1 V“) 4+ o 4+ /AJ 1V (.)'1)_'_ . V().) _'_ /u . VK)H) 4+ .- + fAk
- JH

= [’;’1\/(1) + o+ /“;6_1Vb-1)+ Fd A o FJHVWH_ 4 Fkv(k)

yo - 4
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Steinitz Exchange Lemma: (Vm, Vm,.,. ,Vm> basis of [\
N
(0\(1), o au)) lin. independent vectors in (i

% new basis of )
: cp" _ 0 (k) .
Fact: Let WS R' be a subspace and B = (V N Y ) be a basis of ||

hen: :
Ut (a) Each family (wm,wm,...,w(m)> with m >k vectors in

is linearly dependent.

(b) Each basis of I has exactly k elements.,

A N A\
. ( @)
basis ve) v .
- N N N
/e1 > = -
v(‘) w ()

Definition: Let Mgmh be a subspace and gB be a basis of M .

The number of vectors in B is called the dimension of .

We write: dim (U) L integer
set:  dim (iO:&) = () (Span(¢) _ %‘OE>
t‘\oasis
Example:
(61;&L;--~ /en> standard basis of [R"

dim (Rh) = h
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Dimension of ;'  number of elements in a basis of A = clim(u)

Theorem: Uu,v < th linear subspaces wg
/|\V
(a) dim (U) = dim (\/) <:> there is a buec’nve linear map ]C U=V

(b) ug\/ and o||m(u> = OIIM(V) :> U = \/

M (a) (:>) We assume olim(u) = OllM(\/)

3 — (U\U) ('L) U\(k) > basis of LA define:
Hence: J' \l/ ) § A — \/
C - (Vm (7-) V(k) > basis of \/ )) = YO

For xe W : 5?()(3 \g u‘” +'>l @, )\ U\(k)) “”‘“‘“e\% df;‘eg"”@e"'

= m-}(u@) + )Z-Jf(u‘ﬂ F ot N-E(u("’ﬁ
= AV )k-v“‘) = §&X\
Now define: §—1 ' \[_>\A , §—1(VLO> _ \Am

e (50 =% wd (F 5N =y > O

bijectivetlinear

<<:\) We assume that there is bijective linear map g: u—>\/.
—

injective+sur jective

Let E = (U\m, U\m,_” , U\m> be a basis of U

=> (J0) 560 0 J) ) vesis i V2

\/)C injective \/5‘ sur jective

linearly independent Span<§ () F2),..., Hu )>> V

= dim (U) = dim (V)

(®) we show:  |USV wa dim(W) = dim(V) => U=V

(U\m, \Am,...,U\(k)) basis of U\ :> (U\m, Mm... U\m> basis of \/

V = \ um +>‘ m +>\\<U\m

c
= =V 0
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Ae R‘Mh > 5/_\'. n{h —> [Rm linear map

Definition:  1dentity matrix in R

1 0 o -0 other notations:
o0 1 Q ---:
ﬂn: . U-‘O IW/CO\IIO‘/EV,
0 001
Properties: 1 3B =3 for :BG:RMM

neutral element with respect to
the matrix multiplication

AL,

"
g
...\_)
Q
<
>
™
=
3
s

Map level: 511 . R — R A /}ﬁ\& N
X ——> X
ﬂJf:X > >
§1n = identity map
Inverses:

AeR™ ~>  FeR™ witr AN =1 ad AA=1

It such a A 5

exists, it's uniquely determined, Write A (instead of )

J

inverse of A

hxh
Definition: A matrix A€ R is called invertible (= non=singular - regular)

if the corresponding linear map JQA; R —= R" is bijective.

Otherwise we call A singular,

g hxn %
A matrix AC {R is called the inverse of A it fx :(SA)

-1 -
Write A (instead of A )

Summary: .JCA-1 ¢ SA = id A1A
5 o Sy =1d AN

(" "
= e
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injectivity, surjectivity, bijectivity for square matrices

if A invertible -1 - -
system of linear equations: AX = l) = A AX _ A1L g - A1L
Theorem: A S thh square matrix , §A : ﬂ{h% |,Rh induced linear map.

Then: §A is injective <:> EA is surjective

h
Proof: <:>) ‘S_\A injective |, standard basis of {R (6_1, Sao g eh)

:> ("S:A(CJ [ e :S'\A(Ch)} still linearly independent
_—Y -

basis of th

:_> EA is surjective

<<:) EA sur jecTive @ T@

For each VQRH, you find x¢€ [Rn with ‘S:A(X) = >/

We know: X = Cy + X, &y + v 4 e

Y= JCA(X) = §A(e1\ + JCA(G'L\ Tt JCA(G“)
=> ($aled, o, Sale)) wpams R

n vectors

_.> (5'\/\(6_1) e :S:/\(Cv)} linearly independent
Assume ;A(X) = §A(§O = S\A()S:\%S =0
V
= §A(e1\ & §A(eq) G000 :S:A(ev) =0

lin, independence

= 0
=

X =X ~_> :S'\A is injective N

|
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" 75 N
matrices
ABe R™

§A15 = 5-A 3

We have: 531 0 (CFAB) = (AB>‘1 _ 3'1A-1

Imporfant fact: 5:: th —> th linear and bijective

=1 n n
:> 5 . R —= R is also linear

J linear

Theve is exactly one with }( ) = >/

5—1( +~) :5_1 + - g + = X+
Yy ($() ”))ﬁi(“ ")

Ihear

S+ 56 V

oot £ (1) 75'10-;( N = 5(500) = ax =257
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Transposition: changing the roles of columns and rows
a, T
O:L = (Q1 a, a\,,)
oy
T M
(q1 a, - O\n) — o;L
a

For Q€ [Rh we have: (O\T )T = O

X T h¥
Definition:  For /—\él R we define A € [P\ (transpose of A ) by:

Ay 0‘11 ot au. 0‘11 Ay - “m
A 24 0‘21 ‘e O‘zh > AT 0‘17. O‘u fee LIS
o‘m aml ° a\mn 0‘1». O‘Zn c ot anm

Examples: 1 1
(a) A 1t o 1> = T 1 0
“\1 0 3 0 G A - 0 3
1 0
(b)
1 2 T 1 J
A (3 ‘r> = A (L ¢
(C) 1 ¢S . 1 ¢ S
A = ¢t 0 :'> /A\ = ¢ 10 (symmetric matrix)
S 0 3 S 0 3

Remember:

(AB) = 37T
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Ae R™ ~ AeR™

standard inner product in ﬂ{h ~—> <U\,V> e R

>

Proposifion: For A€ RMM . X€ th | >/€ fRM :
T
Sy = LAy
P, \ ,,
inner product in inner product in R

T

Proof: <X, ¥> = &V for %,V € R (ATyjr:yT.(AT)

| /-

<y,7§'>\<> =y (Ax) = (yT/Ox = (AT7>T)< = Ay, x> 0

—

NXx m
Alternative definition: Al is The only matrix :BG: R that satisfies:

<>/, Ax> = {3 Y. ><> for all X,
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AQ [R t induces a linear map J:Ai (Rn——> (R , X 9/\)(

Ran( A) = {AX ‘xe (R"} - (R range of A (image of A)

N\
RaVl( J:A) (see Start Learning Sets — Part 5)

KGY(A)::{XG(RH‘ AX:O}QRH kernel of A

NN iy (nullspace of A)
J"A [i()}] preimage of 50} under J:A

R A ‘FA () ~ Ran(A)
K@Y(A ) ~ /\
NN subspace!
N
subspace! - >
Remember: Ran( A) = Span <0\,, A, ...y o\,,> A = 0‘\1 ceQ,
Solving LES? AX _ b existence of solutions: Lé Ran( A) t

uniqueness of solutions: Ker(A ) £ iO§ ¢
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Ran( A)

Definition: For AC]R * we define: /'-gA\A )
‘ 5 ‘ R

rank(A) := dim( Ran( A) )

= dim( Span of columns of A)

< min(h, m)

A has full rank if rank(A) = min(h, )

Example:  (a) Az(/| 20 o) , rank( A) = 1 (full rank)

10 -
\./y\)
linearly independent

A R m AR <~ Ran(A)

Ker C ) / (7)
>

7

(b) -
A (Z L lf) , rank( A) = 2 (full rank)

V

Definition:  For AC IR * we define:

nullitfy(A) := dim( Ker(A))

Rank—nullity theorem: For AC R * ( n columns)

dim( Ker(A)) + dim( Ran(A)) = n

Proof: k= dim( Ker(A)) . Choose: (L,,..,,Lk) basis of Ker( A ).

h
Steinitfz Exchange Lemma —=> (L“__,,LK,C.,...,CQ basis of (R
r:: W‘k
Ran( A) = Span (AL,,...,ALk, /-\c,,...,AC,.>
\\O \\O

= Span ( /-\c,,...,Acs = dim( Ran(A)) <t

To show: ( Ac, . Acs is linearly independent
'>\1AC,+?\L/‘\CL+ +?\|./‘\Cr:0
linearity N\ r r
A(Sne) = S he e Ker(A)
=1 v=1

basis of kernel

r k r K
= She = Sk = Se Sl = 0

v=1 J=1

:> ?\1’: {/\L=-“:7\I’:0

= dim( Ran(A)) =t
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System of linear egquations:
L Xy + 3)(1' ¥ (f'Xz = 1 3 equations
‘fx1 + éXL + sz = 1 / 3 unknowns
2%, +bx, + 6x = 1
augmented matrix
Short notation: AX - b —— (A | l’>
2 3¢
¢ 6 9|1
7 ¢ 611
Example: X, + 3x, = 7 (equation 1)

lx, - x, =0 (equation 2) ~=> X, = 1%,

put in equation 1

—> X1+3(2X4) = \)
<::> 7)(1 = 7- <:—,-> X1 = 1 /\,—> X'L:Z'

1) Check? V.

—-:> Only possible solution: X = (7_

1
—:> The system has a unigue solution given by X = 7_)

Better method: Gaussian elimination

Example: X, + 3x, = ? (equation 1)
Zx4 - X, = 0 (equation 2) — Z:(egquation 1)
AN

eliminate X,

X, + 3x, = # (equation 1) X, + 3X, = # (equation

0 - _7"XL = -4¢ (eguation 7.))-(--1;)

)
XL = 2 (equation 7_;

——f> X (11’> solution

\
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augmented matrix

Ax o b “EETT (AL
Ae> A MA=R e A=HA
/
invertible

For the system of linear equations:

Ax = b o> MAx = Mb

(new system)

] 1 3
Example: _ 1 PR _
A= (3 5) ~> MA-() %)
T
Q" 0\1h> 0(1
o\' q 0\' " - (xT _
CT= (OI"'IOICLIO;---}OICJIOI--'/0> :> CTA = CLO(T'FCI)O(]_
E le: T T
Xamp e 1 O O 0(_1'_ - 0(1 -
g)\ ; ? ™, = O(I
T
SR o oy + Ao
invertible with inverse: 10 0
&%
- 0 1
ZB + N\
Definition: 2. c R L #) e R
L+?‘J / [ {
defined as the identity matrix with A at the (L:J)Jﬂ’l position,
Example: (exchanging rows)
0 0 1\ /—— o —— o
1 0 0 T T
N Vo N 0(3 0(1
/’-1)93
Definition: {t?e' cR " , L # ), defined as the identity matrix where the
J tth and the JTh rows are exchanged,
Definition:  (scaling rows)
-
<d1 ‘ > &4 — d, o] ——
— X, —— — 4, T ——
with d, # 0

d
Definition: row operations: finite combination of 2. ’P < e >
L+')\J I les g ! A AREY

(Fov example: M = ZJ+’1’1 ZZ+81 P1<-92>

(invertible), we have:

for AeR™" ad MeR”
Ker(MA) = Ker(A)

Property:

Ran( MA) = M Rran( A)
\\iMy |7€Ran(/\)}

/
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Set of solutions: AX = | (Aé RMH>
&so\u’fiom: X satisfies A,)ZZ L

R’ m d

\
/

X2

Ker(A)

\%

MV\i%MGVI@SS y]eeols Key(A) — 3:03 existence neeols (76 RaV\(A)

mXh
Proposifion:  For a system AX L (Ae IR )

the set of solutions S;: 5:3\('6 R" | A’)‘(' - | }

is an affine subspace (or empty).

"

More concretely:  We have either S = ¢

or S = V, + Ker(A) for a vector \/OCRM

STV % | %e Kev(A)]
Proof:  Assume V€ S = A\/O:L

Lo d

n
Set X:= V,+ X, for a vector xoeR,

Then: %€ S & AX:L & A\XOJ'\-AX(J:L
(v°+xo) s}

E Ax, =0 & X €ker(h) O

Remember:  Row operations don't change the set of solutions:

S — vo"' Ker(A)
AVO:L ) KeY(MA)

& MAy, = ML
decide l)e Ran(A)
~——=> Gaussian elimination / gives us a particular solution V,

\ gives us Ker (M)
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Goa\: Gaussiam e\imiV\a'hOV] (named after Carl Friedrich GauB)
Solve Ax -0
L> use row operations to bring (Al L) info upper triangular form
k ITuTion:
17 3 1 ?hiiac: .w:ag;ols_ srbs’i’fuf;(on_ :
ca 1) |t 2y
0 03 1
second row: 2)(7'1_ >%Lf—>‘ xl_: 1
3
4
first row: 1x1+2)(7_+3>(3=1 _% x1:_1?
~  or use row operations fo bring (A | L) info row echelon form
L—> construct solution set
Example:

system of linear equations:

ZX1+3X.L—1X3: (I—
ZX1_1X1+7X3_ O
6% + Bx, -bx, = 3

. 3 -11% . 3 -11%
. -1 7 |0 |-4+1 ~> |0 =% & |-*%
§ 15 -4 |3/-a1 0 ¢ 1|3/
A I -11% ’ | Xy = -
ackwards -
~> [0 ¢ & |-¢ %=

~—> z
substitfution X1 =3
0 0 % |7

3
set of solutions: S = i(%)?&
-1

Gaussian elimination:

-
Ry | Qg Mn 1 — «,
-
Ry | [N A | b, | T e T
.T
Ny| | N,y A min LM — &,
°<T
1 continue iteratively
— N T au T
> <, — a_“°<1 e row echelon form
a
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Row _echelon form | 4 /) 0 1 0
A - o o |[Lz] -1 %
0 0 0 ¢ | &
0 0 0 0 0
M X h
Definition: A matrix A€ [R is in row echelon form if:

(1)  All zero vows (if there are any) are at the bottom,

(2) For each row: the first non—zero entry is strictly to the right

of the first non—zero entry of the row above,
Ao’(s

1 3 S 0
A= 0 2] o o
o O O []|3
o O O O
Definition: X, X X. X
1 J 4 ) : : ) )
T 3 s 0 1 variables with no pivot in their columns are called
o lzl o o ) free variables (x3>
o O O[3 3
o 0 0 0 0 variables with a pivot in their columns are called
leading variables QN P R X‘r)
PYOC@dHY@Z Gaussian elimination

AX = L ~> (A | L) ~—> (A\ | L\> row echelon form

row operations
solutions

S ~— backwards substifution &— pul tree variable to the right—hand side

X4 X, X, X4 X
Example: | 1 7 0 1 0 3
0 0 /) -1 ¢ 2
0 0 0 G & 8
0 0 0 0 0 0
X4 X, Xq
A | 1 0 1 3 -~ 2x, \ I
0 /) -1 2 ~4&x. \ T
0 0 % 8 -8x. | T
0 0 0 0
It ‘}Xq—: 3~ & X = | Xy = 2-12x, XSQR
T ij—qu

= ZX3"2+2X5= 7 - Gx¢ = ZX3:£|'—4XS. = Xy = 2-3%
L o Xg+¥% = 3-1x, = X+ 1-2x,=3-1%x, =|X, =1-2x+2x,

1 -2x, +2x,

set of solutions: S = Zi(l3>< X, X € R
1-1x,
Xg

1 (A
0 1
= 9 | +X| 0 |+ Xs([-3 XL.YsGrR
7 0
0 0
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Gaussian elimination
m X h

A€ [R /M ~—~——=>  row echelon form
X4 X, X, Xy X,
L1 1 0 1 0 4
0 O 2 -1 ¢ 0
0 0 0 ¢ | 8 0
0 0 0 0 0 0
-2 1
1 0
_—_—> Ker( A) = XL 0 |+ X -?L Xy | X € R
O —
0 1
Remember:
dim( Ker( A) ) = number of free variables
+
dim( Ran( A) ) = number of leading variables
= h

. m X h M
Proposifion: For A€ [R and b€ [R , we have the following equivalences:

(1) AX _ L has at least one solution,
(2z) Le ran( A)
(3) L can be written as a linear combination of the columns of A

(4) Row echelon form looks like: |

- e o -

Proot: (1) &> (2)  given by definition of Ran( A)

(2) &> (3) given by column picture of Ran( A)

Ran( A) = {(%1 ‘llh X ‘ XE mh}
l | "
X,-(a}1 + -+ + X, d'h xe R
(4) => (1)
Assume we have This:
Q o ¢4 W e e e . .

D -
Then solve (\—|_|—‘ \ by backwards substitution,

(or argue with rank(A) = rank((A]|b)) >

]

(1) => (4)  (let's show: —1(4) => =(1))

Assume: ‘—\—|_ not solvable O =C &

A
A B

0 => 1o solution for Ax =}
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AX L A~~~ vow echelon form i

0 o g

S = ¢ or S = V, + Ker(A)

M X h
Proposition:  For A€ [R , we have the following equivalences:

m
(a) For every LQ [R ; AX < b has at most one solution,

(b) Ker(A) = {Ok

(c) Row echelon form looks like: Xy Xy X, Xq X

every column has a pivot

) ank(A) = n

(e)  The linear map 5‘/61 [Rh% [RM/ X = AX is injective,

hXh
Result for square matrices:  For A€ [R :

Ker(A) = {Ok <::>' Ran(A) = [Rh <:> AX = L has a unigue solution

/I\ /l\ for some b€ [Rh

J) |

\V/
EA injective <_—:> 5A sur jective <:> AX = L has a unigue solution

for all be R
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hXh

AG_ (R ~—— O'@T(A) e ]R with properties:

o) I
= o|\1 =+ & |, columns span a parallelepiped
volume = |o|e’f(A)|

| |
de’f(A) = O <:'> (”|\1 Iy Tn) linearly dependent

<:> A is not invertible

(3) sign of ole‘\’(A) gives orientation (ole’f(iLh) = + '1)
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1x]
Aé ~~> system of linear equations AX _

Assume )ko
<0‘11 O L‘) > Gy Oy J ~,
O S| b/ I-2uT \ 0 apfug, | b-%ul | Ta,
0y Oy L, j
N—— 0 8yQy, = G140, a\“-LL— Gy, L1

X0 {=> we have a unique solution

Oy Qa, 2x1
Definifion:  For a matrix A = ( k )C {R , the number

Oy 0y

de‘t(A) u 0‘11.0‘21

is called the determinant of A.

What about volumes? ~=> vol, area

2 v v
in (R : Vo\Z(U\ V) — oylen‘\'a‘\'ecl area of parallelogram
~
i vo’r afe \N otate

: 1 . 3 ~ W, ~ Vi
Relation to cross product:  embed R into R @ Wiz [y , V=iw
0 0

N
’1 .
R Y /7
~>
W
0
[Gx VIl = 0 = vy, |
U1V1—V1ul S

det( )

|
Result: vo\l(u\,v) — o|e‘\'(t|4 \|/> (volume function = determinant)
|
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3
. . h /
. n—dimensional volume [R )
//
/

AJ,

1 parallelepiped

Definition:  vol,: Mj —> [R s called n—dimensional volume function if

N Times

(a) vo\h(U\m,U\m,..., O('U\(J),,_,,U\(")> = u.vo\h(u(”,u(‘),...,u(J),,_,,u\("))

u(l) D('lA(l) for all lAm/ e ,lA(")C R”

u for all oelk
for all Je 51,...,@

(®) vol, (u?, u?, ., uD+v, L u®) = vol, (@, u?, L, ub), L, u)

+ vo\h(um,l)\m, e, Yo, ,U\(")>

For all @, ... We R
for all VeR"
for all je §4,-.,n}

\V4

u(ﬂ

(c) : , y
vol, (u®, u®, . u®, ., ud), u)
— VO\h(u(ﬂl u(l), *) u(\‘)), sy u(t)l... lu(")) ‘FOV a\\ u@)’“. 'u('l)eer
for all ¢, J¢ i1,...,h}
64
(d)

vo\h(81 ) €y aeey ey,> =1 (unit hypercube)

Result in R : vo\z<@ / (j)> = V"‘z((g) K (g) ’(j)>

Oy Gy 0 Oy, Oy Ap Ay
Define: det : = vol, o e . peeg|
Ani 0\."1 s oo Oy Apy Qpq Ann
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n—dimensional volume form:

vol,, : RHX“‘X R"— R

n times
« linear in each entry
¢« antisymmetric
L] VO\h(e1 I} C?’ ] ) e”) — 1
Let's calculate: O, A4 Ay,
vol,, | | *e°) = vol, Oy €y + oo+ Qpy €y (x)
Apy Ane R
W
(x)
= Oy vo\h(€1 ; (*)) + 4+ Oy vol, (en ! OK))
h h T} P
— Z qd 1 vo\h(ew, (X)) = Z ad y vol, edi, (RS A N
J1:1 J1=1 QW'L o‘"h
a4 QA 43 A
:Z Z Byt Kjpiz - voln| €50 € AR
U151 ga=1 Ap3 Qi
h h h
oy Z Z cee Z 001,1 adllz 'YX G‘Jmh \/O\h (e eJZ' eoe | edh>
u1=1 lj1=1

o'
Un=1
permutation of

-
=0 if two indices coincide
{1,...,h} — E ;

G
G ign) €5,

0“1 G‘JL'Z ves G‘Jnl"‘ .v0|h(elj1, er' cos | edh>
— 7
where all entries

N A1
are ditferent ot of all permutations of {Lw“} -1

74
+1 ;O number of exchanges
ng( Ql,--.IJn) ) o

to get to (4., h )
= ; Sqm( Q“---IJ")) q‘)1'1 QJL'Z COC a

—/l , odd number of exchanges
Jh = det
Q'I--- IJh) € Sh

to get fo (4,4, n)

Oy Qyp "+ O

ah1 O:WL SRIRI W
(Leibniz formula)
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Leibniz formula: oy, O\ﬂ
det '_ ; :sqm((:). 'Jn UZ dnlh

An 0\"1 o 1; IJ)€S

how many Jrevms62

For h=2: (1) ,(21) 2 permutations ( - )
(1’213)1 (213,4)/ (3,1, 2)

For h=3: 6 permutations rule of
(1,30, (3.20, (21:3) Sarrus

For h=Y: o 24 permutations

For h: n! permutations

Example: v
det <z g -2> =1+ 8+ (%) -(D-[H-¢ = &
| _

¢ 1
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4x4—matrix:

Oy Gy, Gy Oy,

det | Py |32 A3 Ay
Ay | Ay Ay Ay
Agq| Ay Q3 Oy

A Qg3 Qg

Oy Oy Oy 6 permutations

24 permutations

ole’f(
9 - det
checkerboard
4 Ay Qg Ay
A X
ole’f(

6 permutations
1 %4 Oy Qyy

+ Ay - %

1 Ay Ay Ay
6 permutations

2 Qg Oy

~ (0 - det u % Ay

1 Ay Ay Ay

6 permutations

Idea: hxhn ~~> (V\— 1) X (n— 1) ~—> A> BXB AD 2AXL > X

hXh
Laplace expansion: A€ R . For J"fh column:
n i+J (LIJ) . .
de*(A) — 2(1) aid-ole’r (A expanding along the jth column
v=1

For Lth row:

’\ ¢th row and th column are deleted

ole’((A) = z ( 1) J(k;d - det (A(L'J)> expanding along the Lth row

expaning along

G 2nd row

. J 73

= —1-det | 0
0o 1

Example: 0

£

~ ©

= (—Z)(—ﬂfl-ole’r(:; ‘g =7-(6-%) = ¢
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Triangular matrix:

Block matrices:

0\," %t LH l’n_ ’ l’4k
d‘”‘" A o Lm ' bhk
00 Cy C, = Cy - A B
: = C'u O C
0---0 Ci Crk

Proposition: ole’r(AT> = ole’f(A)

nxn

Proposition: A,B € R ;

det (AB) = det(A)- det(8)

multiplicative map
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det(MA) = det(M) det( A)

Gaussian elimination:

MA

e

1 0 0
0 10 ) —o— o
A 0 1 T T

row operations

&~ (see part 37)

T SR —

[

Ao\ — oI+ Aol
Zig = det(Z,,)=1
Adding rows with ZL+')\' L #)  %eR) does not change the determinant:

J

Exchanging rows with {&',J (¢#)) does change the sign of the determinant:

Scaling one row with factor o{J scales the determinant by J\J'!
Column operations? ole’((AT> = ole’((A) V4
4 1 0 -2 O\ o 117 -2 0
0 21 -1 % \ IV 0 ¢ 0 -1
cleT 1 0 0 -3 1 ':ole‘f 1 0+O -3 1
1 10 0 3 1 10 0 3
0 -1 @ 1 1 0 -LM™M 11
Laplace expansiow - 1 /] -7 0
0 4 -1 2
= .- det
(+1) 1 0 -3 1
1 72 0 3
columns
Al -7 0
IC+IV oot 0 ¢
= det 1 -2 71
1 -¢ 3 3
Laplace expansion
-1 1 -1
= (+2)- det [ 1 -2 -2 | =213 =%«
1 -% 3
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hxh n n
matrix AGR r—~—~—> linear map }‘A:m — R ;| X Ax

hxh

linear map 5: Rnﬁ [Rh ~—> there is exactly one AGR

with =85
| |
Here: A = <§(€1) .F(ez.) f(en)>

unit cube in [Rh | | |

1 m =

§e)

orientated volume

= ole’f(A)

e, | volume =4

)
>

e, e

Remember: det(A) gives the relative change of volume caused by \¥A-

Definition:  For a linear map 5: ﬂ{n% [Rh, we define the determinant:

ole’((}) - ole‘T(A) where A is <§(*!|11) .F(‘li-z) §(1|‘-n)>

Multiplication rule: def(jo‘j ) = det(¥) Olle(j)

linear map

Volume change:
m

volume = det(A) - vol(F)

volume = vol(F)
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x1

We know for A€ R 1 <:> Ax = b has a unigue solution

det(A) # 0
<:> A invertible = non—singular

hxn

For AGR . det(A) = 0 <‘:> A singular

hxh
Proposition:  For AcR , the following claims are eguivalent:

. det(A) £ 0

o columns of A are linearly independent

« rows of A are linearly independent
» rank(A) = n

+ Ker(A) = {0}

¢ A is invertivle

h
) Ax — L has a unigue solution for each LeR

hxnhn

Ac

Cramer's rule:

h %4 . . :
non—singular, Le R , R = (’ﬁx) e R unigue solution of Ax =b.

Xn
Then: ‘
det| a,:- a,, | apy -
X, = |
det{ a,:-- a;, o, ay, -.r o,

th column deleted

Proof: Use cofactor matrix C € fP\Mh defined: C; = (—4)” ' Ole'\'</A\> (th row deleted

Laplace
expansion
—_— de‘t 0\1 ) a -1 e{‘ a 41 o\h
T
-1 C1
We can show: A =
det(A)
T h
1 C b T -/ T
Hence: X = A \o = and (C L} = Z(C ) l’k = Z thljk
det(A) ’ k=1 k k=1
= ole‘f 0\1 ai-y € Qi A, L)k
k=1
linear in the L
Lth column L
= det Ay e Oy L," Aits A
L.
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eigenvalue  (German: Eigenwert) (David Hilbert, 1904)

> proper/own/characteristic

hX h

Consider: AC R <—> §A: (Rw — R linear map

f Y
7/

N
7 . 7

Question:  Are there vectors which are only scaled by -S:A?

Answer: Ax = A\ X for a number AE[R
<___—-> (A_’)\'ﬂ_)x = 0 for a number AE R
> XE Key(A—-'}\'ﬂ_) for a number AE[R

)\ \ eigenvalue

eigenvector (if X #0)

Example:
1 X, X, . X, +x, = Ax, L
A ] <0 1 > ’ A (X,) = (X,) <\> X, = 7\')(,_ L

For Lt |A= or X,=0
:> )(1=?\-)(1 :> 7\21 or X,‘:O
0

For | : X, + X, = X => X =

Solution:  eigenvalue: A =1

eigenvectors: X:(X’> for X,€ R\{OS

pefinition:  Ac R, 2eR.

It there is Xe fP\h\EOE with AX = Ax, then:

« A is called an eigenvalue of A

« X is called an eigenvector of A (associated to A )

. Kev(A—?\lL) eigenspace of A (associated fo A )

The set of all eigenvalues of A . spec(A)  spectrum of A
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A€ Rh“ > j:A: (Rw — > Rn linear map

eigenvalue equation: AX = A X , X#O0

Ix1

optimal coordinate system: Ae R | AX = 1x, A>/ = /Iy

/Au

A N
/Jc\n
u A
X > >4

Y

w=ax+by Au = Alax+ 7’)
= AX+ A)/
_—:2 X+4)/

How to find enough eigenvectors?

X # 0 eigenvector associated to eigenvalue ?\ <=> X € KeY(A - ?\'1'_)
\_/V“/

singular matrix

ole‘T(A—')\’lL) =0 <= KeV(A*’)\'ll_) is non—trivial
<"_’> A is eigenvalue of A

Example: A - G % . A-AL = (3_1?\ ‘fl—?\\

det (3—'}\ ‘fZ_ \ — (3_7\)(4_7\) -7 characteristic polynomial
1 -\

= 10-21+ A
|
= (A-5)(n-1) =0

=> L and S5 are eigenvalues O‘FA

General case: For A€. [th"' a. -\ a a
A, qu_%
det(A-2\1) = det
Qpy Onn™ A

Leibniz formula

\é (q“ - 7\) (Ow.h— 7\} P oo

h n n-1 A
= ()N F G d e A+ G

hX h

Definition:  For A€. R , The polynomial of degree h given by

7% A — det(A-21)

is called the characteristic polynomial of A.

Remember: The zeros of the characteristic polynomial are exactly the eigenvalues of A .
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A€ spec(A) <= det(A-AD =0

Fundamental theorem of algebra: For &, #0 and a,, &, ,-.-, 4, L, we have:

-1 _
‘)(x)zanx“ fo, X"t ax+a, =0
has h solutions X, X, ,..., X e (not necessarily distinct).

Hence: P(X) = an(x-xn)'(X-xn-D“'(X‘XD

Conclusion for characteristic polynomial: A€ [R , fA(,}\) r= de“’(A"/\'lD

: fAO\) = 0 has at least one solution in €

:> A has at least one eigenvalue in C

Example: A = (o _;> => f’AO‘\ =N+

1

-—_:> - ¢ and L are eigenvalues

L o) = € (A1) - (A1)

Example: /—\ = (111 > => FAO\»:(?\"‘)'L (?\'l)l

(2

Definition:  1f N ocours k times in the factorisation fA(’)\) = (‘ﬂn (7\‘14\ "'(7“1»\:

(5 ¥4

then we say: A has algebraic multiplicity k =: 0(("X)

Remember: + 1f A € spec(A) = 1< (X)) < b

: Zoa('ﬂ:h

et
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eigenvalues: A € spec(A) <:> ole’((A—?VlD =0
——
characteristic polynomial

Next step for a given A€ spec(A) :

Ker(A-20) 2 {0§

a, - A Ay Ay 0

_ : 0

Solve: Azq Oz~ A .
ah‘l * . th_ % 0

Solution set: eigenspace (associated to A )

hX h
Definition: AC R , 7\€R eigenvalue

K@\\t'—' dlYYl( Kev(A—?\'lL) ) geometric multiplicity of A

/6‘/ eigenvectors span eigenspace
[

Example: 2 14 1
A - |lo 10 characteristic polynomial:
0 0 3

det(A-2D) = (L-D)@-2)BE-2) = 2-2) (3-7)
—> spec(A) =312,3
> spec i]* {S

algebraic multiplicity 2 algebraic multiplicity 1

01 1
Ker(A-21) = Ker | 00 ¢
0 0 1
‘[ X, free variable
\ 04 1 |0\ Tl /o1 |0 ~> % =0
solve system: 00 o0lo | ~ oof|o] ~ x, =
00110 00 0|0

backwards substitution j

e =on(§)

R-__ eigenvector

. Xy
solution set: {(0 5
0

:—> geometric mulfiplicity D’(Z> =1 < «(V)
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Proposition:

(a) A4y Qyy G4y 4y,
o a,,
SPGC 7-1.,.. ‘.1' = {a“IOzL,..., thrg
Recall: X 0;
det(A-2) =0
&
N E spec(A) )
(b) Bl C
spec | (1] = spec (B) u spec(D) (part 44)
Qk\ck matrix
(c) T
spec(A' ) = spec(A)
Example:
(a) 1589
spec [ 03 0 3 =
¥ 0017 {1'%3%
00 0 1 algebraic multiplicity is 2
(b) 1 2 ¢ S & F
0 F *+ J 8 ¢ S 0/ 0 O
o 0!S 0 0 O 1 2 + & 0 O
SPECl 001 8 0 0 | T sPeol |,y 4] JUSPeC| oo [ ¢
0 0 &6 1 L 7 9|0 3
0 0|+3 0 3
5 0| 1 L
:{1,?%USPGC(7_ 3 Uspeo( 0 3

:{1,?,5,3,1,3§

=41,3%,5,%8
L5 8

algebraic multiplicity is 2
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spec(A) < ([: (fundamental theorem of algebra)

h hxn
<> Consider xed: and AEd:

" L+ (5
Definition: ([,h: column vectors with h entries from <(L: >€;(l: >

q,;mxn: mafrices with mx n entries from (]: ((Z L;1>€¢1xL>
/+ in (E

Operations like before: ( ) (zl;) - (2‘:);1/)

o

)= ()

h
Properties: The set ([ together with + , +is a complex vector space:

«in C

(a) (([:h' +) is an abelian group:

1) U+ (V-i- w) - (U\+V) + W (associativity of +)

(2) vio =v with 0= (O> (neutral element)
0

(3) V‘l‘(‘V) =0 with -V = (".\/1

> (inverse elements)
-V,

(4) V+w = W+V (commutativity of +)

(b) scalar mulfiplication is compatible: «+:  x Q:,h —> Qh
(5) N(pev)= (p)-v

) 1.v =v
(c) distributive laws:
(1) A+ (vew) = AV + Aw

(8) (7\+/A)‘V = \V +/«A-V

7~ same nofions: subspace, span, linear independence, basis, dimension,..

0 0
R ber: 1 : ’
cmenver S, = <0> o €,= 2)> i € 0 basis of Q
5 1

= dim(C) =n (ol.m(q:) 1) 4%
\

complex dimension

|

n _ _
standard inner product: U, ,VE C - <U\/V> = WVt UVt et Uy Y,

B

Wn

\
standard norm — HU\H = \l<U\,U\> = J|M1ll+ -

Example: “("1)‘| = \l|'u|1+|-1|1\ = \I_Z\
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Recall: in R <"/)’> 2 %k Y

in d:h: <x,>/> :i‘x_kyk

k=1

R < Ay> <A x/)’> N
Z (AYk ZXKQI\)YJ Z( T)kakyJ

n € Ay = Z,Xk WYy = Z%Xk}’ :§<®kx9y\’

— <:/\ X/);>7
o 0‘44 a Opq “° Oy,
Definition: For AQQ ’ with A = ("\u “—‘- "’ 54 ) !

S

4 07 O

i
A= % -~ . leC

am

A vn

is called the adjoint matrix/ conjugate transpose/ Hermitian conjugate.

E les: 1 1 1 3
o (1) > R

-t 2
(b) ¢ 1+t O X .
A=< ¢ 4-L>Z>A: e

a 1+

h
Remember: in [R: <x,y> = xTy (standard inner product)

in (Eh: <x,y> = x*y (standard inner product)

Proposition:  spec( A*) = EX | L€ spec( A )} . .
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hx
Definition: A complex matrix AcC ’ is called:

(1) selfadjoint if A¥= A
(2) skew—adjoint A*= ‘A
(3) unitarg it A = AAT = 4 (eidentity matrix)

(4) normal if A™A = AA*

s
T
1
~
—
|
s 3,
—__
\\I/
S
¥
]

_ A '1+2L‘ _ —c 4_?".') _ —A
-1+% 3¢ -4-1c -3

L 0
(c) A= <b > not selfadoint nor skew—adjoint but normal.

Remembey: A c (]:'"x"' /A\Q rR"'*"'
-
adjoint A¥ transpose A
selfadjoint symmetric
skew—adjoint skew—symmetric
unitary orthogonal

Proposition:

(@) A selfadjoint => spec(A) & real axis

(b) A skew—adjoint => spec(p) € imaginary axis

(c) A i :> SPeC(A) C  unit circle

choose:

Proot: (a) \c spec(p) => eigenvalue equation Ax =A%, X#0,|lxl=1

7\'3"49: <X Ax> = <x, Ax> = <A, x>

/\ selfadjoint —
= {Ax > = x> = A >
\—FYZ-T/

(C) choose:

Ae spec(A) => eigenvalue egquation AX =A% . X#0,|lIxl=1

<?\x, Ax> = <AX,AX> = </£é X, X> = x> = 1
I i

AN <XIX> = |7\‘1’ :> N lies on the unit circle ]
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h % hWxn
Definition: A/:B cC ’ are called similar if there is an invertivle § e C

such that A = 5_13 S .

(Fov similiar matrices: 5A injective <"-Z> 5-3 imjeoﬂve)

(FOY similiar matrices: 5A sur jecTive <“_:> 53 5uyjeo‘\'ive>

change of \oasis//l

Property: Similar matrices have the same characteristic polynomial,

Hence: A,:B similar —> spec(p) = SPGC(:B)
Proof:  pa(n) = def(A-21) = det(S8S-21) = det(S (B-21)S )

= det(S ) det(B-A1)det(5) = py()

\‘/"ole’f(fﬂ.) =1

4 [

1 4

Lafer: . A normal :> A — 5 ( >5 (eigevmva\ues on the oliaqoma\)
Ay

N

. A cC"" => A — 5_1 (7\4(*)> S (eiqemva\ues on the diaqoma\)

(Jordan normal form)
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Recall: o((’)t) algebraic multiplicity
b/(?t) geometric multiplicity (: dimension of Eig(’/\)>

Recipe: Ae(]:n“: (1) Calculate the zeros of FA(?\) = OIG'HA"?\'lD :

Call them ?\1 . p
with 0((’)\1) [ ee (X(?‘Q :
—_—

sum is equal to n

|:AE [Rmm ?\J zero of FA :> Td zero of P/]

(2) For Je {'1,...,](} : Solve LES (A “7\J1|.> x = 0

Solution set: Eiq(’/\J )  (eigenspace)

k
(3) All eigenvectors: U Eiq(’/\J )\ iO}
e

Example: R G
. A = _% % (: (1) FA(’)\) = de_t <—/l 1-A 1 >
-1 -4 -1 -1 - -1-2

Sarrus

4 d = (_8'7‘\ (7—'7‘) (‘1'7\) }L\ié’,;ié
+ 8(2-0) +4Q8-2) + 8 (~1-2)

eigenvalues:

A=0 o (Ny) =1 :(&—7\)(—&+7§L)+’Ié-27\+31—%?\

A= «(N,) =2 -4 - &\
= (3-2) (-4+N) -20A+32

= I +4N+ AN - X - 20N +32

= A(- 2 e3n-40) =-A(2-4)

(2) eigenspace for A, =0

3 % 4\ T -1 7 1
Eig(1,) = Ker (A“?\,l'll) = Ker (— 11| = Ker| 38 %
= 'l =

1
-1 -4 -1 -1 - -1
A
N 1 11\ & Afa 1
8 el
:Kev 01| = Ker| o0 2 1
0 -3 -4 0 -1 -
II_I+I

00——\
<
Q-
\_/

|
/ﬁ
O
~—_ 7

cﬁ—

Mm
L.E,-J

I

V)

_G

Q)

=
/—\
N> - O
\__/

__ <
eigenspace for A, = G

¢ ¢ G\ T @ -1
Eig(1,) = Ker (A-20) = Kev(— -2 _'Ié = Ker ({_2; L|é—

T+bL

4
T -2T -'1 -2 1 —_]E-F_I -'1 ‘2_ 1
= Ker|[ o 0&) = Ker|[ 0 038
0O 0 -3 0 0 O

(3) eigenvector O‘FA : 0 -1
S 5P3W<-1> U Span< 1 )) \ §0§
Z 0
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hxh
Assume: X eigenvector for A€<l: associated fo eigenvalue e €

Then: AX = >\x :> A (Ax) :A O\X) = 7\ (/\[}\YZ(J)
74 N\ x
Ax

—> A'Lx =\ x = Asx = 7\3 X
induction

= /\Mx = X x for all me N

Spectral mapping theorem: AQ(EMV' ) [); (]: — | r)(%) =C, 2 4o C, 2+ C,

Define: F(A) = C, Ah + C,,,_1 Ah_1+ soo <k C1A + CO-L 6(]:“"
Then:  spec(p(A)) = Z f)(?\) ‘ XS speo(A)}

Proof: Show fTwo inclusion: (2) (See a\oove) v

(Q) F constant , F(ﬂ = C,.

Take '\ € speo(F(A)) —> ole’f(f/(ﬁ_))—ﬁ’ﬂ):()
V4

(c,- %Y Gl
=> ne 2 p(2) \ M—:speo(A)} 4

F not constant. Do proof by contraposition,

Assume: /~A ¢ Z FO\> ‘ AE SPeC(A)}

Define polynomial: cl(&) - F(t) —/u

=C-(z-a)(2-a) - (z-0)
*o

By definition of /A : O\j¢ spec(A) for all J

= det( A-aj1) #0 for all j

Hence: de‘t(f)(A) —'/\A’ll_) = ole’f( (\(A))
_ ole’r<c-(A—a1)(A _g) (A—m}
= C"- det (A—m) det (A—aL) ... det (A—a,)
£ 0
= /U\ Z speo(f)(/\)) L
Example: A = (’i lL) | speC(A) = {1,(1"%

B3R A-1L | speo®) = {5, 81|




BECOME A MEMBER The Bright Side of w
ON STEADY Mathematics

Linear Algebra — Part o4

Diagonalization = {ransform matrix intfo a diagonal one

—
—

find a an optimal coordinate system
Examp\e: A _ (-3 2—) , 7\1 :Cr I 7\1 = 1 (eigemva\ues)

1 1
X = C) I >/ - (_11\ (eiqemveo’rovs)

N A N

L
Y

°L><+F>/ —> 0t9\1x+f37\2)/

V

nxn
Diagonalization: A S Q N—> 7\1,(/\L RN A,

(counted with algebraic multiplicities)
> X(ﬂ X(l) ()
/

ey X (associated eigenvectors)

0 _ () () _ (n)  (eigenvalue
> AX 7\1)( 1200 AX" — 7\,,>( equations)
| . |

A )|((n )|(m | A0 AXD ... e
L ]
. | | .
= 7\1‘)((1) )L‘x(ﬂ « O, )((ﬂ — x(ﬂ )‘((ﬂm x(n) 7\1..
”

—> AX=XD

-1
1 X is invertible, then: :D = X AX /‘\ is similar o a diagonal matrix

Application:

-1 -1 -1 -1

58 “1\ %
AP = (XDX ] = XDX XDX XDX - XDX
_ X:DS& ><-1

93
= X ( 7(28 X
" 98

A

.
.



BECOME A MEMBER The Bright Side of e
ON STEADY Mathematics

Linear Algebra — Part 45

R A

canonical basis: U;e([‘,h Au €(Eh
7 7\ u= o, x4 o(txm
-4 -1
X X X X >
% 2
X, % o
eigenvector basis: (%) m (7‘1 Nl) ~1
0.(“ ?\:O(n :D = >< AX

(1) (» )
(A :

_ hxn 0
Is that possible?  For given matrix AC([: with eigenvectors X, X X

n 1 ")
« Can we express each WeC with «, X+ o<1><“+ TR o(,,X( 6?
w @ Q 2
« Span(x , x,..,x ) =C ?

1) ")
(Xm, X(, ...,x( ) basis of C" 7

||
X = )(m )(m... Xm invertivle 7
.

hxn
Definition: AC(E x is called diagonalizable if one can find h eigenvectors of A

n
such that they form a basis .

Example:

(a) L .
] A: (O 'L) , S8 eigenvectors :> A is diagonalizable

(b) 1
B — <1 1 ) | (40) ! (4> eigenvectors :> 3 is diagonalizable

(c)
L 1 .
C = (‘ > , all eigenvectors lie in direction <0> :> C is not

0 1
diagonalizable

Remember:  For AQ(]:V,X“:

. o((’)\) - 5(7\) for all eigenvalues A <:> A is diagonalizable

A normal => A is diagonalizable

(Ome can choose even an ONB with eiqemveo’rors>

) A has n different eigenvalues :> A is diagonalizable



