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Linear Algebra — Part 35

Ran( A)

Definition: For AC]R * we define: /'-gA\A )
‘ 5 ‘ R

rank(A) := dim( Ran( A) )

= dim( Span of columns of A)

< min(h, m)

A has full rank if rank(A) = min(h, )

Example:  (a) Az(/| 20 o) , rank( A) = 1 (full rank)
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(b) -
A (Z L lf) , rank( A) = 2 (full rank)
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Definition:  For AC IR * we define:

nullitfy(A) := dim( Ker(A))

Rank—nullity theorem: For A€ R * ( n columns)

dim( Ker(A)) + dim( Ran(A)) = n

Proof: k= dim( Ker( A )) . Choose: (L,,..,,Lk) basis of Ker( A ).
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Steinitfz Exchange Lemma —=> (L“__,,LK,C.,...,CQ basis of (R
r:: W‘k
Ran( A) = Span (AL,,...,ALk, /-\c,,...,AC,.>
\\O \\O

= Span ( /-\c,,...,Acs = dim( Ran(A)) <t

To show: ( Ac, L oen, Acs is linearly independent
'>\1AC,+?\L/‘\CL+ +?\|./‘\Cr:0
linearity N\ r r
A(Sne) = S he e Ker(A)
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basis of kernel

r k r k
= She = Sk = S Sl = 0

v=1 J=1

:> ?\1’: {/\L=-“:7\I’:0

= dim( Ran(A)) =t



