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Hilbert SPaces - Part 6

(X,<,>)
\"Y_J

——> gives geometry fo vector space X

\
t> we can measure lengths: ||x| := \l<x, x>

> we cah measure angles / orthogonality

Definition: (X / <.>) inner Product space.

) xe X s orthogonal to >/e,x if <X,>/> = (. Write X1 Y.

2) xe X is called orthogonal to AS X i <x,a =0 for all ac /.

We write X 1 A

P

for all a€ A
(3) B= X s called orthogonal to A < X i <l,, a> = tor all LeB
We write ,BJ_ A
(4) The orthogonal complement of A < >< is defined by:
L
A ::{XGX‘XJ_A} A
1



Properties: (X / < ' >) inher product space , A < ><

1
) A is a subspace in x

L 1
(b) A is closed in X (comPlement X\A is an opeh seft)

AR L
d) A = Span(A)

iR
Proof: (a) x,ye/-\ , acA, NeF
=> <X+)’/0‘> = {x, 0 + <y,a> =0
<O,a> = (
— L
<7\'X,0~> = 7\'<X,0~> =0 :> A subspace in X
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inner product continuous
For any QQA in boTh arguments

0:|lm<xh,a> = <|lm xh,a> <x a> > xeA

Cc) A L
Ach = A>
Other inclusion? (C_:) XE€ A-L, Leﬁ , choose (O\h)SA with ll_}{n ah:la

< LYy = <x llma> = lim {x, a0, = (

/\ h—=00

—1

inher producf continuous
in both arguments

—

= xe A
A < span(A) = ALQ SPan(A)L

Other inclusion? (C) X€ A ) Z Ao € SPan(A) :

<><;Z7\;,°%> Z% <X, 0> = => XE€ Span(A)
J=1



