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Hilbert SPaces - Part 5

Jordan-voh Neumanh Theorem: Let (X,””) be a hormed space. Then:

The parallelogram law is satisfied (Vx,yeX= ||X+)/||Z+ ||X—>/||Z: 2'||X||?_+ 2'||)’||Q_>

:> |-l is induced by an inner product on ><
Qﬂ\ere is an inner product {,+> on >< such that ||X||Z: \l<></x>‘ >
In this case: - ||X+ |1—| |1—> R
- ayy = (vl = 1xeyl for [F=

Gy = (e = hx-yli= s iylie s x-iy )

gives the inner product on X for |F= C

Proof: Consider case |F: rR So we define: <X,>/> = %(HX+>’”1— ” X_)/”l>.

To show three properties: (1) positive definite

(2) linear in the second argument

(3) symmetry
(1): <X'x> — 1:(”)(*')(”1‘_ “X—X”L> — 1?HZX“’L = Hx“l =
and <X,x> =0 = x=0
3 Ly = gyl ly-xI") = (el Ix-yI") = oy

(2) linearity: we will use: ||X+>/||Z+ ||X—>/||Z: 2-||X||L+ 2“)’“1

First step: <w, 7;> — 1?<H\d+2‘||1— |w-2 ||L>
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First result: %<\~/: 2> = <W, 11:2>
additivity: W, 2> + N, 2>
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combining with (*) : %\<\'\//2> — <\~/,'I:},Z> for all k,MQN

0-lw, 2> = v, 02>
all positive (1)-v, 2> = N, (2>
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