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Hilbert SPaces - Part 1

Real Analysis Linear Algebra ~
v ~ v Abstract
. Linear Algebra
Fuhctional Hilbert |&~ g
Ahalysis ( SPaces
\L / L-> Topics:
Unbouhded

- inher Products

OvPerators

- orthogonality
« orthonormal basis
« orthogonal projections

* unhitary + self-adjoint operators

Definition: | € iﬂ{,(ﬂk_ An [~ vector Space X with inner product
<’:'>‘ Xx X —> [F, which means

(1) x,x> > (0 forall xe
<X, %> X (positive definite)

ﬂ <)( ) )(> — 0 :> X = 0 (zZero vector)

<Y )- X+ ’i> — <Y)X> + <Y)’%> for all X,S(VIYG.X
<)’ ) 7\'X> - 7\<y ) X> for all A€ [F,X,Y,yex

(linear in the second argument)

<X ,>/> = <>/ ) X> for all X/ye X (conjugate symmeftric)

is called an inner-product space. (Pre-Hilbert space)




Cauchy-Schwarz inequality: For an inner Product space (X, <','>>, we have:

2
‘<y,x>‘ < <x,x><y,>/> for all X,)/éX

Proof: For y# O {y x> (y,x>.
U< < AR

) X <y X
= > - LG - L x>

<Y1x> <Y/x>
s G

l <Y, X |
= < Xy X> —
< yoy2 L]

\
Result: ||X|| = \]<X/X> defihes a horm on X

Definition:  An inner product space (X, <:>> is called a Hilbert space

if (X, |||D is complete.
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Hilbert Spaces - Part 2

YN
(Xl<’>)

Definition (Hilbert space): lF— vector s?pace

K < ] > Xx X —> [ inner product

where (x, ||||) is a Bahach space

with respect to the horm ”X“ = \]<X/X>‘

hormed vector spaces

N
Example: (a) d: with standard inhner product finite-dimensional
&—
< are always complete >

(b) R with given inner product

! /1(IN,(E) = {(xh)hem | x,e€ and leh\1< oolg

i n
X

with inner product: <Y’ x> = Z % X (cohverseh‘t series!)
n=1

(d) (_O_, &, /\A) measure space

1 1
i (D_,/M) = {5 QO —>  measurable _(S;_l}l a\r <oot§

1
||§|| P = “Hl o\r\ hot a norm inh generall T ; S
\\_ﬂ_ | <

measurable

L (Q,p):= il(ﬂ,ﬂ/N where \(:={§:0>C | |g] 0}

H [5]“ ' — “5” well-defined ~ norm on LL (Q: ,,\)

We get a Hilbert space with the following inner product:

{91,157 = J @50 dpe)
e




LIS The Bright Side of Mathematics - https://tbsom.de/s/hs

Hilbert Spaces - Part 3

(X p <,>) inner Product space (\F— vector space + inner Produc’f>

:> (X ; “") hormed spPace with ”X“ = \l<x/ X>‘

\ horm induced by inner product

Polarization identity: (for case |F=G:)

(X . <.>) inher product space with induced horm |-|| . Then, for all x,)/eXf

inher Pproduct

1 1 1 . . 1 . . 1
<X,>/> — ?(”x"‘)’” - ”X‘Y“ - l-"X'\' L)/” + L"X—Lyll) is linear in the

seconhd argumem‘

et eyl = Cxry yxay> = Ky d # Koy >+ Ky
— [ %x-y 'L:_<x_>/,x_>/>:—<x,x>+<y,x>+<x,y>—<>/,>’>
_L.||X+L>/||z:—L<X+L>/ ) X+L>/> =-t <x,x> - <)’/x> T <X,>/> - ¢ <>/’>/>

=iyl = Lxm by xety > = i k0 = Ly + Koy +iKYy 7

[

Polarization identity: (for case [F=R)

<X'>/> — 1?<||X+>/”1_ [ x_)/“1> for all x,yeX.
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M T Hilbert Spaces - Part 4

(X / <.>) inner Product space (lF— vector space + inner Produc’f>

||X||<_'.> p— J<X/X>‘ induced norm
7 2
We get: ||X+>/”<_'.> + ||X—>/||<"> %
— <x+>/,x+>/> + <x->/,x—>/> X

= QD w Ky + ey + Ky
+ o = g = L&y 2+ Yy

= 1 ||X||,<_> + 7 ||>/||9<_'> (parallelogram law)
N
/ " \/ = b
2 /) L 1
ey lles + Ix=ylley = 2l + 2 Iyl

ProPosition: Let (X,””) be a hormed spPace. Then:

the parallelogram law is satisfied (Vx,yexi ||X+>/ ”z+ ||X—>/ ”z: 2'||X||L+ 2||)’”9_>

<:> |-l is induced by an inner product on >< (” ”<,',> = "”>
k}hex\“ video

In this case: <x,>/> = 1?<||X+>,”'L_ ”X—y“’_) cor |F: fR

Gy = (I y ==yl e iyle ce-iyr)
for [F=C

gives the inner product on X

Remember: A Hilbert space is a Banhach space where the parallelogram law holds.
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Hilbert SPaces - Part 5

Jordan-von Neumann Theorem: Let (X,ll”) be a hormed spPace. Then:

the parallelogram law is satisfied (Vx,yeX= ||X+)/||Z+ ||X—)/||Z: 2-||X||L+ 2‘“)’”1)

:> -]l is induced by an inner product on ><

Q’rhere is an inher product {,+> on >< such that ||X||:: \‘<x, ><>‘ >
. 1 1 1
In this case: <x,>/> e ?<||X+>/||—||x—>/|| > for F=R

Gy = g (IR ==y I= eixsiylle sx- iyl

gives the inner product on X for | = C

12 1
Proof: Consider case [F= [R. So we define: <X;>’> P= 1?<HX+)/” - | X‘)’” >

To show three properties: (1) positive definite
(2) linear in the second argument

(3) symmetry
e Gy = (I =1xl”) = G lex )™ = 17 = 0
and  {,xy =0 = x=0
3 Ly = g (lyxI- ly-xI) = < (el Ix-yI) = <x,yp

(2) linearity: | we will use: ||x+y||z+ ||><—y||Z: 21X + 2-||y||L




First step: <W, 2> - 1?(H\"+2”1_ [ w-2 ”L>
ST (R o P (T Y )

\\ \\ \\I\- A \\
X+Yy X=Y X+Y ')‘('_'5/'
parallelogram 5 x=W+52 (> Ki= W-T2
= 1 S A
law Y= 7% Yi= 3%

R,
inducTi n
First result: %<\~l,2> _ <\J inductio %\<w,2> _ <\~I,‘—L.,2>

Il

additivity: v, 2> + W, )
= 1_<Hw+z||l— ||w—2||l> + 17(”\““3”1‘ ||w—%||l>
G
1 N
Sl
llel 2 -1
Pafa|aew03"a\ (H\M— zrl || + HV— 2+ - %7_% ||l> >
1 A1l _Aaih
¢(z\|v+%+*|| SR - (oot 2
= (e B - v-2200) =2 o2




additiv Ty

Homogeneity: <W 2> <W 2> = <w 2+2>
-4\, 7,_> <w LT >

PN K, = v, k>

ke IN

combining with (%) : %\<\f\/, 2> = <\'\/,—l2,,2> for all k,hé‘_n\l
0-{v, 2> = N, 02
all positive (—1) - <w, 2> = <W, (—1)-2>

real humbers []
cah be approximated



