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Hilbert SPaces - Part 1
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Definition: | € UR,QE_ An [~ vector Space X with inner product
<’:'>‘ Xx X —> [F, which means

(1) x, x> > (0 forall xe
<X, %> X (positive definite)

ﬂ <)( ) )(> — 0 :> X = 0 (zZero vector)

<Y )- X+ ’i> — <Y)X> + <Y)’%> for all X,S(VIYG.X
<)’ ) 7\'X> - 7\<y ) X> for all A€ [F,X,Y,yex

(linear in the second argument)

<X ,>/> = <>/ ) X> for all X/ye X (conjugate symmeftric)

is called an inner-product space. (Pre-Hilbert space)




Cauchy-Schwarz inequality: For an inner Product space (X, <','>>, we have:

2
‘<y,x>‘ < <x,x><y,>/> for all X,)/éX

Proof: For y# O {y x> (y,x>.
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Result: ||X|| = \]<X/X> defihes a horm on X

Definition:  An inner product space (X, <:>> is called a Hilbert space

if (X, |||D is complete.




