The Bright Side of Mathematics

The following pages cover the whole Functional Analysis course of
the Bright Side of Mathematics. Please note that the creator lives
from generous supporters and would be very happy about a donation.
See more here: https://thsom.de/support

Have fun learning mathematics!
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Ac_:X_ xe X is called & LWMAM"Y 'POI'H'I' for A F

Soc oM €50 - B3.()0 A ¢ g snd
B, (x)n A*# ¢ [A=:=x\A]

gA el %XGX I X s LNAHAM‘Y Fofu'l' for A}
‘B‘:"Z‘E_lzf-__-' A open < A n9A = &

(?)) Closed sets: @ AC_:X s called closed i—§ Ac._=X\A ls open.
AC

Remember: A closed <= A LDA = A

LI' CIDSure, s A A
( ) Wj A = A UDA (a(mys chhsed I)

(z) 36MMJA(‘>’ FOI‘.M']'S!

EXmmq)le: )<;: (/],3] u (’-},oo) , A(x,y) = IX—Y| , (X,o\) 'S o mefric space

(a\-) A = (/]l 3] = X Ofaw B 6(—;7_(}
A 3
For xe A ; X#3, Ac}.‘.m, G::%wch(]A—xl p ]3—x\)_ Thew B‘_(_x) C A , _> A
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Sequnce in X (4,40,%,.) o (k) or X2 N —> X

h —> X,
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h-> 00
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Aczz X\A is  hot ofen.
There is an KecA® ik B0 A #@ for Ml £50.

TLer'e_ ¢S o Se.aluunce. (ahjhew \,r\"Hn a, € B_:_‘(?‘) N A
Lm0, = % ¢ A

h=> 00

by Y
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= BE(')E’)/) A 7‘.—¢ CF“' M €>0. => IA\C is  not °f‘” => A < ho‘i’closcol



BECOME A MEMBER

ON STEADY )\

The Bright Side of ¢ 4>
Mathematics
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Exa\wr(e,: X= (0,3) vith A(x,y):lx—y\ %)

(0,3) s closeA:
. CowF(O_Vv.¢,,.+ ¢ 3 opew

¢ eoch comvecgent Sequnce (), =(0,3) (wth kil %eX)
satisfres  Xe (0,9)

\JLAJ' ¢S aLow" 'Hu :et)uehce (-1—) ’L

we IN
. Se_»]v\ence, m X

d(x‘” XW,) h,m —> 0a S 0

. L‘I’ JOes' ﬂ CouveUe, => (X,A) LS Mo'l' Coh,g(b{'e

LS

(\D&Sihi{'iouz Le_(', (XIA) l)g a metric S‘M\CG—. A SQ1uthe (X“) (- x

weN =

Ca\\\eA CA\M,LY .S'e_a!\u_hc& “-S' VC> 0 3N€|N Vm,v». =N . A(X.,,, Xh)<8 )

(XIA) L5 Ca“ed Cow’p(&l& ¢‘.5’ A“ CduoL\/ S€7ucnc¢8 Converge ,

Exawele : (0) X = [0 /3] \.n',l'la 0‘ (XIY) = ‘ X = Y \ LS Cowr(ul'e. .

(1) X: (0,3) vith A(XIY)__ §4 | X#y . Com'o(c."'e.

0 lx=y

LQJC (x")helhl < x Le a CAMoLy «S't?u&hce,. _Dke, i::%,' The.. ’U«.r—c i€ auw NeN
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9&5£hi4iow: [Fe {R, (L} Let x Le a IF-VC.C'I'OI' .S'Face,.
A V\w\\o “” X —> 1|0, 00) LS ca“eJ ho € yw :.§

(O\) “x" =0 <:> X=0 (fosé'tl'Vc d&ftnfl’c)

(L) “ ﬂx" = l?‘} "X" §or all ?\G.“:, )(GX (aLse(wlc(y hoho\jcweousB
/] I‘\ absolde valee 2 R o C

X 7

©) "X+)’" < ”X||+”>/|| Soc all X,)’EX ({"fAUle Zueyu.{.‘{-y>

)’ (X/NID s 'H\eh co.“eA o Horhneol .S‘fatce,.

‘Imgor"‘av.'l: I} ““ is A horm 5or 'H'lc IF-—Vcc*or jfa\ce’ X, 'H‘CW
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A metric 5o¢— the set X,

15- (X,ol“_"\) (s o van'p(£4€. Ime.'l:ric S")acc,,
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C°Wpl¢—+€— ria(/Coy-.flu(
$ana\c,\n S‘fmce,'. metcic ‘[’M& Vtcjrorjsro\ca
Norwm |}

Exoamples: (1) R s o one - divensional  read vechr space
[ ]: R —>[o,0) is a worm. A (xy) = IX-yl s & webree.
=> (R, 1) s a Banach space
(2) X.—_{og , tero-dimensionad  real vech- Space.
1 X —> [o00)  defiwed by [loll:= 0.

lf => (X/ N“.) s a &Mo\cln Sra\ce.

A\
@ Let 0N, F)  (vhee FeIRCY, pelto))
k)(. A&Siwe(x as 0\“ S&ﬂlhehc&s x¢(xh-)“€m tn ": Su(,l\ 'H'IA‘-

0

Sixel <00 (convargest)

Nn=A4 A

f :
Tlﬂew ””f : J(f —> [O, Oo) with ‘\X\\r==<2\xh\> cw\.

('S-‘w w La‘}er ‘)

Cto\(\m: (Zv/ ““f) LS A :Bﬂmc\h S'Fa\ce

f‘_°°§"- ’ [( s on |- vector Srace and H\\r (¢ o morm ow it (see Later?),
: f
. Comr\c'l'e. hess ; Le.']’.' (XQK))kelN Le_ a Cauc'ny Se_TAunc:z Lth I i

RO P QRN QRN QRO EN QRN QRN QRN )
O (x&”, X&ﬂ’ NOEFOIRNON Xg‘n ' X(?z‘) , x(;) 7
o (O LG @ O @ )
® ool

T=(OEHOO OOE @)

[0 - 0" < SR 01" - ol

nNsA4

CMLY Sequence Yero 3IKemw ViI=2K : || x® - W0 ||‘, < ¢

Z
,)(S:q - X&nl - => (XS'I’O)kG.IN CauuLY seq. in =

= (X&‘))kem hos a fmit L.€F

L&'l: >0 , c_\' ocosSe KQN SucL 'Hm* Vk,l > K 0 “ XUQ — X(n “f < €.\

®_ | 0 g (f - ® _

ux - X“r = Z,Xh - X,, pong N'IAW' z,xn — Xn
n=4 oy N

TLLh 50\— oM k=K . <(€‘)f
|- %), <)

f': fiw Z«'\m ZN: ,)(E,\0 = X(:) f

N> [>e n=2a

A\n)\ ;(l = Q - XU‘) + Z(sz/ c ﬁ? (L{‘s ' Vch’or srace !)
eﬂr Glf
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I(AhC{-l:oho\l a\m.lYJCS - 'PN‘"' 8

] h«e‘trl'-c

> VVW-A.YU\ res o(islanc.e..s‘

® Norm _— > Imeasw res A‘SLM\CG-S/ (UU“'S

o (hmer

Fn&“{. S Ineaswres o{islance.s, (e,n()“.s/ aw:o(e.s

(1

. j
<XI > = |x ' a
Y7 = |l A

:Deg':"'f'l"'OV“ ”:6 { ’R/ (Elg . L&t X l)p, awv ”:— Ve.c.*or SFACe.
A wap o> XXX —=F  is alled  an toner product on X f

(1) Q,x> >0 §Dr aﬂ xe X and <x,x> -0 & X=0 EHHW}

effur‘*e

1) {xy> = <y x> Sor F=RR
<x, y> = <>/,x> ‘;or lF =(L

§br wu X,Y < X &Oh\judo\‘g) .S'y»-m_’rrC:}

(3-) <X, YA+Y1,> = <X,>’4> + <X,Y,L> :ypr AM X/Y,,,Y.LG. X ﬂ"nc‘r : ]
& hy> = 0L y> Sell xye X, AeF Be 24 ocyumad

—-[5' <'/ > S on Lrner f(‘ooluC'I', 'l:L'Gh Hx”(-,-):: ,‘ <X, X> A(,\Siw.s necm .
:DQJ:CMI'J‘I'OHI (X,<'/ >) LS colled & Hil bert Space L.g: (X,H”(D) LS o :Bahnc.L Spoce..
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I(Ahc{_(',oho\l ahAlYJCS‘ - lpar+ \9

() R, € wh <oy Xy,
(L) [L(IN,(F) with — <x, y> :Zzy
L:AA / Chner f“"("‘(.
N* n “lL r']'.srac,e% CC) C([o,d], ﬂ:> \.ri.JcL <§IJ> p— js_(._k')j({) 0{-]-

77 foter!

([L(IN/ IF) / < , >> S a Hill?er" Jfa\ce_ . < I > : [2)( ['LH ":

(/\‘) fDSL{ ve Je.jm fe : <X X z —Z\th é 0

and <x,x>~o = |x["=0 fHe M ieN
:> Xe=0 }or M e N => X=0.

('L’) (Coh\')\vx\'() -fyv"""b'l'r':c" <‘>/, X> = iﬂ" = ‘i'Yux—L = <X/>’>

= SRGe) = SRy 2R
= <x,>/> + <x, %>
N>,

(3) L'wm.k( Lh 'I'L\L 1 avuu...p_y. <X Y+2—

-)?iYL = \- <x,y>

<X, ?\y> = i,}?u (%y.‘.) =
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q'—unc{'iom\l a\MlYJCs - 'Fa\r{‘ /10

CO\\ACLY-—S(,L\.MF% CVI(’,OMAL'J'}/: Le,{' (XI<,>> Le, An (wner ft‘oAhc'l Srace
and Ikl = {<xox>. Thew for ol % ye X

|ay> | < Dyl / .
! ! iy :

and, \<x,7>| :\\x\l-llyl\ & Xy Learly )\zr:(nAcnl‘/

_ st
?Foo}. /l cose: X = O I<x,y>l =0 = HX”“YH \/

AR X#0 ’
cose 7 : .= N A
X 11 ) <X/>’> X >/_L:: >/_

L [ (3
O£l = Y= 1l =1 Y= LBy 2 =<t hiy-<2yo )
= -k Y = G-y by By D
= y> =k V> =y 8> ikl
= ”)’” - <<’l‘\/)’>§<: )/> +<<’/<\/)’>;\<l Y> t H<’/‘\/)’>>A‘“’L
= | ”L— L Re{ K5y > %, s [l ;\(L
ly (é/yé_\)’?) |<R v | \\V\H/M
L ,L G Ga Y =[Gl
= IyIlm=2{&Ep 1 v KT = Ily||L — [>T

= lyl" 2 [l = K& = L Kol

= <yl = |<x, y>)

A= vequildy Sie |11 [x+yl" = xwy xay> = (1 2R (<x,y>) eIyl
< i+ 2 <y Iyl

CauLLY

et e 2 Iyl I =l )
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Orﬂﬂo[c)ouoﬂn‘)ry : L¢‘t (X,< ,>> i :.
V. ' A ll' y : y_L
Onw  (hner rro we Sfﬁ(:e. ok\rgl S

(“.) X/)/E.X are Ca“eA or‘l‘qugohal
S <x/>’>=0- Write XLy

(B) For UVEX, wie ULV f xiy §ur ol xell,yeV.

(_C) Tor U_C_X, fl'lnc_ oanot)ohaul waple-hneh" 05: M Y

W= $ xeX | Cou> =0 for ot well
\/\f“/

Ls a\uo\ys o SMLsface i X

i

Remack: (0 fok" = x| x*. g4}
©) wevy = u >V
?l‘oog-: erJ— => <><,v> =0 Sor M oveV

UeV
= <{x,0> =0 for Mowell > xe -

@) T3 xay, e Deyll = eyl (Prbagecca Hheocen)

L
U

1
u L.S' al\./o\yf Clo.Seo‘
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T:unc_]fioho\[ a\m\()/s'i.s — fm—t /”,

MLE& (X, de) ) (Y dy) Hue mekae spaces.
A \Ma\f 5" X —> Y LS ca\ue_J :

=4
¢ Coml‘lhuous LE } [:B—J LS orﬁ. (i.-.. X)
‘S'or Ql\ o‘oo_v, Jd-s Bg_ Y .

(X;)\x\ ) (Y/ AY)

?[ﬂ /\ 3

o Se?laewl'iauy Cbh‘l‘;huous "'5' 5,,(- NU ’fex de
% hells  f(6) 722 5 .

1 —
-l—AC]f: +o r hne_{('ic S'ra\c.es', c.owl'n'hum ws  ond S‘-l’\«ch)\'huy c.oul'3huous are €7u\'w\l¢m'|".

E)(mm«le_s: (a) (X,J\x.) Aiscn:‘e- yetcic srace. , (YI A\,) a\hy Me,{rt'.(. srdxce,

=> all SZ x_—> Y oare COh'l'.lh\AOhS

(L) (X,AX)/ (Y,Ay) \'\M_'('f‘ic Sra\ces y YOGY }ix“l-
_:> §1X—>Y | Xl———>)/o LS a\way.s C-oh"'l'hhous.

(,C) (X{““B hor\mt)\ Sface / Y = |R \ri"L S,‘dhAarA Vho.'kl'i-c
= {:X=>R

x> |Ix||

?(M}: L&t (xh)he'lN = X Seque~ce uCH. fcmcl' Qex Tlﬂah:
&1

A-l:ntqu.

i,S Cbh'l‘l‘hu(:hs

g(x,) :“X.,,“ = Ix.-X+%| < Nx.-%1| + |%) = J\(Xw')?) + §®)
= [l §x) < §(8)
() = %0 = hRox, exl =TI RxN Ul = d(Fx) + €

= §(5) = L §) 0

(A) (X,<-, >> lwner Vroduc"’,’ Space Y:'(]: wihh  the slandacd  meltric ; Xoex &lxu\.
= f X—=C

X —> e, X>

LS CDh“’ih\AOuS

frofs  Let (xdew = X sepuunce wihh Lk Re X Thew:
[5G -SGN = [ <> = v 7| = [ Kxoy 0= 2

C.S.
< %0 1 %= %) i adiP

Ahn\voufly / 0: x——> C / XH—> <X, X°> cs Coh‘l'l'nuous.

C(a\.‘,w._. (X/<’>) thner Vroducﬁ(‘ srqce_ / MC_:X TLLM U\L is closed,

q)!‘oo : LL\- (Xh) < \_AL \;C“a A'lmcl' Xe x

he N
‘—'> <X,,.,\A> =0 gor WIZ we M
= £>n;°<x,,., 6> =0 S M we ll

:> <')\{, u\> =0 gor ovu W e u => Xe MJ_ O
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‘l’uncl‘iohml owm()/si.s — fm’t 13

Opersor- ///// m%

(X, 1101,) (Y, I-ty)

I-' X’_>Y : ¢ f/{he_o\r' (Come.rve,s ‘H\L a\gel}ro\;‘c S'l'r‘ch'ureB

o Cowl'ivmoU\.S' (Cohyq_rve_g ‘H’lt 'J'o o‘o tcal S‘]‘mc‘}'hre)
(bounded) Iy

‘DQ}CH";OM (X, ”“X) / (Y, ||l\Y) {:\JO VM(‘WeA .S'raCe.S, T‘- X —> Y Za'vm_«r
C>i‘|’(x+'>?) = Tx + 1%
TOX) =ATx

"TX"Y
It = i, <= wg..x" | xeXonn] e
X

is called -Hne_ E‘)crorl'ou— Norm o; T IS ||T|‘<o<w, T ts called bounded .
X
= T

lew JJA. ||x|]x Tx
ILMJ“- " Tx nY

ﬂo‘posihoh: LQJ: (X, ||l\x),(Y, ||l‘y) tvo VloryngA .S'Fa\Ce_sl T: X———)Y ,Z"we_u—_
TL’Ch 'H’lc 50 llo\.n.'v C(aiw_c are 6_7th“(£”+ -

(0\) T is coy.'l'dhuo ws .
(63 T is cpy.','dhuous a\"' X=0 .

CC.\ T LS LDMMACA.

. (@ >®V

(L) = (.C-) (*)'I'or Na S£1M¢.hce.5' (X \hem — = X ith Xf—;O ) Ve have Tx. =2o.

Claim: () => [There is o $> 0 such hab [Tl < 4 ]
5“ M xe X yith [|><||x<S (*)

?r‘ui 03 ‘an. clo.iv--: -1()\‘) =:> "For oAl h€|N 1 We (y"'"”‘ xhex \'"“' “x'"“x<ih

ad [T ll,= 4 = (%)
A
“TX“Y _ “TK“Y ;S;-_'_‘“ _ ”—I_(L |le|) ”Y - 7
§ 4 - =5
1t Il - % 1w, S "x”x" )
\/\(?/
=T
I x|
= |\|TIl = Sup Y e X, x#0( =& < o0
Ixll, S

(C) => (0\)’ Le_t (X"\hem < X be Lov-vuau.'\' wth lﬁ'h\i" Xe X Ttvep,
| =Ty = T, < N7 -5,

=50 n
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T{"l/w\c_ll"mlr\o\l awm(y:.'_s — Pm—t Aq

Example: X =(C(0A, F), M), Y =(F, 1)
For JGX with 3(@#0 $or oMl telo,4] o{zgcne

4

T X—Y b T:=)sw-s0u
\“”/lox‘\' ls “T:j H/L

o - o § T | gex

sop § 1T | Se X 1gl=11

5§

)

fam-w*\ | SeX sl 4

—~——
< | g@lpe]d
1 Y 1
< Sbml I < oo
C‘ne_ck “U‘le oH«cr th&t’uJﬂly: L\K{)'-: J( )] \nth “H\N:

Gh : :
1Tz 0| - f&iﬂg , J’f‘ - f lg(ﬂf{“ = YL@
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/‘Func_l'}ohml ama()/:c'.s — fo\rt AS

(R%e,:?: \‘Lq)re, Sen'|‘«'|ri°h ‘H»e orem

L@.t (X/<l>) Le- a H‘(Ler'l' 5'10\65- —l_l')e.n gor' Co\cL Cow,'inum.s '&ueor hﬂﬁ\r
/; ><———-> ,F (o\ Con‘!’ihuous‘ L‘wcar— guuc,-l-f.omxt> 'H.e.re, LS (J,Xo\c-l-(y Oone xlg X

Such that [(X) — <Xz/ x> J;.. M xe X and ““'X-sIF = I\X1\|x.

\;Ih FLysécs [ = </\r|]
(I)r“g'- (’1) Ethlre_V.Ce,: X m

— & Pkeelo) R

Firsh cose: ker(.l) =X = Xe=0

x>

&Lonl case ; ker(l) # X n> )(LC ker([)-L Ss{,ruc becouse ker(l) i closed

..,D.. {O‘k NAA W orH«o\JonJ fro\‘)u,l-fws“
kﬂ_rm,[, s @rﬁfhvc o;. cl0st sg){' 50} Q\asL w Helbeot s‘mg‘&er

Cow"iuuily

N—> k.‘,rhg,( is clored.

Cl!uose %e kes-(l)J- with "Q“x:’i : Set Xy i= [(Q)Q

L) = /(x- Lag  2g) o f(y o L g), /(4 4)

(%) L(%) £(%) L(%)
- T3 A

X) - X7 =

wzmj 0

=2 LE)BAD> = AUGR, 3> = x>

= <X1 ?\Q—X+X> = X X
e Xes X7

C'L) uvﬁa)h(,he,SS: ASSWMe Xl , ')2'16 X S\ALJIL Z(X-) = <xl / X> = <’>\<’l / X>
:> <xl—')\</1, x> = 0 50(‘ wa X€X .
::> <Xl—’>\<’£,x1_’>\<ll> = 0 = Xy = S\(l

(‘3) Oreru"or nNorm :

lell = S“fiu("” | {1l - 4% = 5“f£\\</x\1{»i>/| | (11, = 4%

< ” X] “ < “ X;llx- “X“x

M1 = LG =[x 2> = Il 0
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Cow\gmcl'he,ss R'2> A

y A (s LO‘MJ!.A v ....... X

Oh(Y th Rh ol d:

CDal-&uifioh'- Z,CJC

(X, 00 be o metric Space. Ag_ X s called
(:Se_o!ue,hlr{a\ly) COn.fmc'lT l‘..S' 50(- gM-,L .S‘e_a]v\e.uce. (X,)“GIN < A
OwVne CY‘."' (A.S‘ A CunVerJu,.f Su(wsc1ucnce (x.,.k)kem \.,L{',L

,5('": ﬂ;lﬁ'\ th € A

k>0

EXQ\N\'Y (e.s : (2)

(lR, Ac.ucl.) / A: I:O’ 4]

Colmra\c."' L)/ jso(’éav:o-—vuerslra\ss -\-Leorcm.
() (R, dy) s A=[o]

h_o‘l' Cohrac.“'

LC.CNASG_ 2

Tl’\& Sar; wenhce (Xh)

A
we N == A \J‘"”" X.,,= Yy S”\'l-":‘_;'le-f

Adiscn(xhlx\m7 = /1 5;:— Lﬂ h,Ime IN
=> ho

\-H'Hn h#m,

CownV e_l‘de_h'e SuLS'u’ue.uce

?(‘o‘pasihov) ]

LE_'I' (X‘ A) be a metric Sro\c.e. and AQ_X Cow‘aac.l'.

Tl‘\e_ln A (s B°“"" AﬂA ./ T'nerc i€ ah X(—‘.X @
amd on £>0 S\ACLI
"'La‘\ gsz> ; A

C(DSQ(j GMA

?(005'- Le.‘ll,' A Q x Le_ Cowracl'.

(4) L&{: (x“.)helNg’A Lc_ COHVQUCM{ wt“» .Llh.."" ’R’EX

4 ompo t

_‘> T)lu-e, is

o Cbhvevent -5ML5'67h€hc.e (-X“K)kem \Ji“n [ip...-t ”){(‘JCA

lA'lmll‘ Uvine ~

:::> 1 ';(’ = § € A ::> A Ls Clouo\
('L) Cbn'l‘ra\fo.s‘fl'ioh: A s hot LouuAeA

:."> ('}'_or— Jtvun QEA, 'Hno.rc ore XheA \JEH\ A(Q,Xh‘)> n.

—_=-> "Foc- dny .SuLS'u,uehc.c. (x""ﬁkelN ond d\ny Fm:ujt l;E',A d

h < A(ox, Xn, ) < A(o\, L) + 0\&‘017‘“)

—

> ne—dla, b)) < dlbx)

=> O“QJIMO kﬁ»@ O Soc M be A = A nt cowrac+
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AF%QLR—ASco(L th eore
Exo\\m \e,'.

(&) (XI ““) Por med SFAC‘?— \lij"lﬂ A“-W‘(x)< 9 (0\‘“‘)'{ ﬁ!«mol« S‘raa)
Agx: A C.blmfo\c{ <—':> A cleeA + LoumrleA

(L) (Ir(lN)/n”f> '5‘“' fe‘.[/f, oa) (ﬂdhacln s'race.)
Aoz Sxe L0 ] el €17 closed + Louwded

e,:=(1,0,0,0,.)cA

8113(0’4101 O/)QA (&")MG.INQ A

htm

83 = (O, 0,1, O, ) QA ne‘”‘ehnr __{F\M\f+‘_4\f - q'z"

::> ho Cohv:.rou..‘é .SIALSC-7MU4C€.

Coh'l‘ihuous ‘Shmc{fioh_f: (C([O,ﬂ), ||||N7 : ||5:||m'.: Suri]ﬂ%ﬂ ‘{E‘.[o,ﬂ}

(. MT(\ Isl,
> gﬂ\ho\cl\ SfaCe < /= S
lb \Iy v E

5: LS cm“eA uhISormly Coh"tihuous: (U\siu\j E—S—clmmc.+c,r-isw|'|'oh7

V 3 V : I]°1‘J°z]<g

= | §l) -S| <e
€>0 $>0 t,t.elo,1]

AgC([O,ﬂ) LS CO\“@_A “h:&bl‘hﬂl)l Q?MCCDh{ihuouS:

Y 3 Y Yo olh-t)<$ :>\g(e1)-g(m\<g
€>0 §$>0  t,t.elo,] Seh

Of¢ Lt’b\EVateu.'“y Suf ‘ 5:({:1) _ 5_‘(.{_'1)\ |£4-{1,| —>0 S O
Se A

For §s.5¢, -
EXG\VMP(&S: (A) A:: é}e C([_O 1—_|) \ ”:Hl S '1% 1/\ :
e
Suy lgu-g-g(m\ > \g“m—w\ Jor €423 -
Se A Q {77—:11"1;
/I (50r he$)
:> A Ls “_°i e_a,uc_cou'l'iuuous'l
Y sec | § cobvunely differadile |5 <1
wieon value Hheoren.

S - 56| <

CE)| 14 4] < 2-1k,- ¢,

,Ss'-hﬁ | S({J — &(-‘;_L)‘ §_ Z H:q_ {:1_\ |{4“E1.|—>0> O _> A (s uhiSory..lY
<

é?uic»“'iuuous

Could be owy CMFM} wmebde space
AV%&(.)\ - AS‘ CO(L "I'Leorelm : -:Fbr (C([Q,jj)l "“N) Im,us- .

C(oseA +
A §'_ C([ol 1]) Cowract <_:> A s £ Lohho{ed +

Un C§or h—.{.)l C7U\|'.Coln’h uuuuu
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fl?U\ncl"lohml owm()/sis — Fo\rt 13
‘ /S‘)LahAarA/horm
COw‘pac{ Ofera"’or.s-. Ti n:"' n.:m bh“r

::> T- LS c_,,v.'l'ihuous /Loane.o\

= T[3,0] S F" lounded
= T[30] S F~  compact

However. T 0 LP(N) — LE(N) , pelie), closed wnit ball cw LO(N)
X —> X = T[3(0)] =80 wnt c.,wfmlr

:Degihu'('i”l: L&t (X, ””X) / (Y, Hlly) be two wocmed Spoces . A ‘)ouwn}e'_ol Linear orcmi‘or
T:X—=Y & cld Compact o§
T[:B,l(o)—_\ EY LS 07 Co\mrnc‘l‘ Se,f.

Exﬁ\mf(ﬂ‘ In'l?a I‘J 0 Lra+or —|; : C([oﬂ__]) > C([.olﬂ) °r kGC([O,'ﬂ XEO"TD
0™ °f
N will sr} emmun nori Mg

(T5)s fk (s,£) $®) 4t

:Facti I( LS Uhigol'hlr Coh{._('.v-uous :

Y 3 Y [Gut) -t <8 > |k -Kab| <e
€>0  J>0  (s,t),(s,t,) —_—

T’or >0, choose g>0 such ‘H‘a{‘ . TLercgore, &)r 51,5, € EO,'ﬂ with I&-$;|<S :

,
‘(TK&)(S«)-(R £ )(s) Y(k(s”t) @) - k(s.t) ;(em‘

< Y k(s t) k()| |Jcn| < e llsi

(]

—

Ai—': Tk [31(0)—_\, \,Je_ »\o\ve:
v 3 ¥ Voo fs-nl<S 2> [4l)-glal<e

€>0 $>0 s, 5,€[o,1] 36A
=> Tk [31(0)] LS uhi§orw(y ﬁﬂuﬂcon{l‘huous
Bwsdidesr. I 0 = sup§ s, |- 1}

Sup {gﬁgﬁ(’ﬂlfkstn A*\ | 5, = 1@
oSSl
< Suf{sup ”kst)\ |§({)|Jt HH\ (g

selo, 1]

"

< sup S\k(s,t)\ dt < Ikl

selo,1]

= :13y Arzels - Ascols - Tk [31(0)] LS COW[’“t => Tk C°""r“4' °F””‘+°’
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h

H'o'u'&r\s Lh e_c!umli{;y (go,- F
Tor xe[F 1

——

ond FG ('1, 00))
)—> ?\G ('1, 00-) Hslder Com\')uja{'e
1

n — o+ —/|— =
Hxllﬂ:: ( Z‘xé\ﬁ} , qelte) |p ' 1

Theh'- “K>1“1 < \lx”f’ ”)/“f\ :gor aZ/ X,)’G ﬂ:n

\
ymm,s 'Lne_quafi.fy : 0\’L > 0 ==> O\-l)
V) | !

?Fbo,s-'. LS'XF—"> &X LS conve X . 7\6.[04] V
L, 5(ax+ (1 '))y) < A4+ (-2 fly) AN

IA
_blg

+

|

2)
w— \ |
4\ 0 \\ ) A Y
§ (fag(o) + 1.:,@)) efe) 5 L) % $lloyen)+ = §{ley(s7))
Y <4 L af
A Fal L
(Froo} 05: Hb‘Her\: l:hec1ualijf)l 5 1S£ case X=0 or }l =0 a L
1 ! Iyl L S e =S g Dl
oSS : X = Xe Y. = ’
R R MRV = Lt P S FIN TR

< 1 \XJ\P - ilX) _
2 lIxIIP : o

1
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q:unc{"lohnl owm()/S‘LS — on\rt ZG

MLhko\J:ki‘S Lhe?ualf{,‘y: A’Lwe1uml\'ty 5‘”_ ”,”r e /rQ,N>
Ixeyly < lixil + Iy, S ol xye LN, pe[der)

M For = 1 “x+yl|1 :Z\Xd““)’dl < ||x||1 + H)/H1
351

S\XJ\ +\Y6\

?Dl" F€(4,oo): I'lb'(Jer comOuJate F\G. (1,00) — + — = 4

\

£
Pt

Ix+y 11 :Z\xﬂ}’alf = Kim ZlX-er;P = (*)
J= )=1

h—> 0o J
SIX\ +| ;|
r - —
(%) (IXJ\HX;D = (IXJ\+\X;D (lxd\+|yd\) Ix\(lx +\yo +\x,\(]x\ \x, f1
o\-K/\i\} G
Y J ">0\Lceﬂ:

Hilder: [lobll, < fall,-felly

(Z\(x“\xﬁ > < (131 +151) )i

n P
Grk ) Z(‘x“"*‘*o < lallp el + Nelp-Nbl (lau + lcll> < lxl Iy

LR

<2(\x| W) 4_‘; (2\>< \"> (;\mr >r

/225 |ix+yll, < lIxIL+ lyl
+ (%) Y r — f Yl
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“O\MOIMoI'FLLJ'Inn . VhaF ‘Hna.t Pre,servcs Sl’rhc{ures

Ex“hple_: (4) Le_-t )(,Y Le_ Vec-lor Sro\ces a\wo\ 5X’>Y be a me.

: L /S-\\] Y ‘;()X) ) {A.S(X) i .ﬁdme_ar

" 7500 Lx+x) = §() +§

h0moworFLislm = Zihear hnaP

(L) L(L'lf (X, Jx) / (Y, Ay) Le_ {:\Jo metric SFGCL-" D\MA 53 X_> Y L‘— a ""‘“F-

X 5 :
‘/‘N & |Y Ay (561, §6) £ dy(x,2) o
* §(x)

homomor()‘nis\m = meP 'I'La" Sah-f}ies ()F)

LSOMor?\anw’ = LOvnohnorf‘nE.S\m + Li\')ec'('.f,ve + Lhverse Inmr LS Al-Sb L’Dh°l-o¢‘?\ni$\m

I.Sbhnor@LLsm §or :ana.cla SFaceS x,Y:

5: x — Y \,nnn ; l/\'hﬂ_ar + L'{)G.Chv% + “S(X.) “Y = “X”X
(oé{'e_n Cauul L‘:ow-e'l:ric i.s'oh-.ol‘r}nl'.Sw>

M (&) LS';: /((IN) N [F(fN) , (x1,x,,x3,...) = (0, %, X, ,.0)

_—:> L{m_o.r, \lSRX HF = I\X“f Vlo+ Shl'o'ec ive -'——> ho+ own

l.Sbh-orr‘M'S\m

(D S : [((Z) — /((Z) , (...,)(_1, Xs, X1, XL,...) I%(, Xa1 Xy, Xo 1 Xy ,3

'u.z\n,x--- -4 0 A 7 -- 'u.z\.,x--- -4 0 A 7 --

:> L'hebd', “SXHP = nX“r O\hA Li\)eo‘l‘ive. :> ZSolmorFLi;h.
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g@U\aL ffO\C&S: X horme.d srace,

4\‘\-\_\\
hovrwn e.A Srace,

X“:i,[-)(%ﬂ: ‘ J4 jinear+lwuno‘ejf§

YA
(Re_Co\u ":LL 'Rie_s'-?: re_fre_se_n‘l'a\"‘ioh Hneore_lm: X Hilbart Srace.. Tl'lﬁlnt X LSOM&;I:CMX

~/

,Fro'po;i,ti.oh: L&f >< Le d\lﬂormeA Sface,. T—Le,\n (X\’“.HX—NF\ ts o B(AhacL Sra\ce_.

frof: Lot (L) € X be o Concly sequence:

Ye=0 3INeN Vowm=N : (|
Y

T “\ﬂkx\ f()\ gor xe X, x+o0.
=> ([K(ﬂ>ke|N - n: is Cauc_LY Jec’ue_hce :gm— all  xe X

= [(ﬂ'-: kﬁ—‘;:o Zk(’a / f'- X —[F

XoF

Shov: (1) { i foeor ¥

(?.) 1 LS LounJeA \/
) 1 4-11,,, 20 /

m “Zh “X—NF < ” lh - IN ”X—>|F+ H [N “ é_ C + £ \'s:\or a“ W>=N

X->F
T T
[160] = b K] = o 10) < s Db, B
~ <C

= I””X_,)F = C < oo

R" (3) :rror ¢>0 c,LooSe. N€ N such Wt 50[‘ J h,anN'-

\ﬂ&x\ /(x)\(i
L(x)
=> f“—‘\lbﬂ M\<£

x#o

ixi LM

X->F <
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ﬂ?u\al SPace_ ; X ho(_hn&(A S‘race
' )

)V<‘=:£/-.X%IF ‘ / [imear+L0unAeA}

Example: X f(N) o pelt, oo)

| \
x & Ir (lN) \l\ne.re F\e (1,00) HZSUU' com\)uja+& (’1? +% - 1>

'u\cre_ is on isameltric i.SoworrLiSVh
T: 1PN ——( ()
(TK)(Y} 1= ZI Xk Y or X><X, .>[L(IN)
To SL"Wi (1) —l— LS \JCI.L-AC'_SiheA \/ (_Lf'-) _r 5urJe.c{‘f.ve_
(1) T is  finear V/ () ITell = lxll for ot xe £7(N)
(37 T is bownded \/ (':SOMQ.{'.F;-C7
Halder
7 el <
frood: (N 1@ < Lo 2alyenl <Ayl lIxlly < oo

= TX LS L'MUM‘ alnA LOMHJ&A CF“_ Wl[ xelr‘(lN)
(Z) T is .Line_ar.

O 1l = o LTl | ay= 18 <,

<Ilylly- il

T: 1(N) H(f"(hﬂ)‘ = |7l < 1 ke escer

((}) Let y\e ([W'N))I and e, :(0,0, e, 0, '1Z, 0,..).

D&Sl‘.we; Xk:: )/\ (gk) amJ\ X = (Xk)keN
Question:  xe L7(N) and Tx =y'Z

| X 1P’

X7 0
Xk [} k

h P\ h V74
E ;lel = E ; Xk' kk 0 | XK=O
k=1 k=1

:Zék-y‘(eﬂ = )’\(%Ek@-k)

e 0,0,...)
>bee |
= p

\_/\/h\)i
(Zl*k"y f
k=1VY:\J P\ P NA—
\xk‘ _ lx ‘(P‘-1)F
| Xk | -t
A
n N
= : X P)
“)’ lll'(m)»Fkg P
h— o0

= Il <yl = xe ["(N) /

LMN—>F

<y .
T “)’ ”l'(lu)—>lF

For ye ZFQN) = (l—x — y‘) (y7 = (l—x — y‘) ( bim k; yke,)

= iy ) :
(TX)(W = 2, X Ys = nﬁ_;"; (I X — y‘)(;; yke,)
(m:.n-’rY ﬁim Zh;)/k(_l_x _ y\) (ek) — O S"\rJe(J'fvc\/

n>00 k=4

= “TX” i.S'aw-e,‘tr)/ ‘/

(57 “ Tx ”F(N)%F i “x"f\ é-: ”)'\HI_F(IN)—HF W) > F
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Functional analysis — part 24

Uniform boundedness principle
(Banach-Steinhaus theorem)

X,Y normed spaces, X Banach space .

.B(X,Y)i:i"l—: X—=Y \ T linear + bounded }

Theorem: For every subset M < B(X,Y) holds :

\M, s l)ovmolu\ Fo:‘wl'\.rt‘se, oh X <=> \H, LS MMESorme(y LouhdeJ
More concretely: Y 4 Y HTxHYé C, &= 3 Y

ITH, = <cC
xeX G20 TeM C20 Teil X>Y

Proposition: X,Y normed spaces, X Banach space .

Lf"l-f T.;e :B(X/Y) \S:of' a\ll hGN \.ll'aHn AMT-V,X &x&sJ's Joroﬂ XG.X.

h=>co

Then: T'. X——}Y ALSiheA L)/ TX ::lim-l—;x LS z{near ano\ LO‘M"JGJ-

h=>0

Banach—Steinhaus

PVOOF: \}L = iTﬂ \ he_lN} Ls LOU\W(A!J Voin"'\.uiu on x :—_> TLLP& (S & C _>_O
vith T I<C Sor all n

= Th,, = mfilw | Ikl - 173 <cC
o Toxlly = bn I Toxlly, < C

h-> 00
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Functional analysis — part 25

Hahn-Banach Theorem (X,ll-nx) normed space ~> (X\, \|"x‘>

Uue X subspace ; w. U—>F continuous linear functional

Then: There exists X: X—>F continuous linear functional
with X(ul= w(w) for all uel,

“X\“x\: l\u‘l\“\ .

Applications - (X,“'“{) normed space

(&) For all xeX, x#0, there is an x‘e)(\ with |\x‘l|x\ =1 and X' (x) :|\x|\x_

Proot: Define W: UW—T . X |
A N \COMM‘:COMS fional AN
‘A= N-{Ix X inear tuncliona
Hahn—Banach {: u
= X: X—>F whh X)) =uw()=lxly

| Xl =1 Wiy = /
422 X separates the points of X i For X% € K, X # %
there is an x'e X' with x'(x.) # X'(X,)
. (a)
Proof: x=xi- xS R0 =Nl #0 > ) # 2w
X\(X'I:) - X (XJ

©©) eor all xe X “xllx = Suri\x\(ﬂ\ l e X', “x\“='1k

Proof : | ‘
Ixn, > X > = Sup |xXl, > Su X0l
' Ixllx le‘l\r=1 ’ llx‘llr=4 Il
= HX“x > Suf | x' ()|
Use (@) Il =4
lixlly € Swp IXX
’ le‘l\r=1 U

(d) Let WE X be a closed subspace, xe X with x& W .

\
Then there exists X\QX with x\lu =0 and x\(x) 40 .

Proof: X/u T= {[ﬂ \%€X1 , [z]:= 3z +u \u\eurg
"[%]“x/u"—' tvﬁ”%w”x N> <X/u l \HIX/U) normed space

'Y

(o) \
=> There is a )/\c—;(x/u) with y\([X_D 0.

Define x‘e)(\ LY x‘(%)zsy‘([z]) for zekX.
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Functional analysis — part 26

Open mapping Theorem (Banach—Schauder theorem)

What is an open map? Let (x,Ax) , (Y, dy) be two metric spaces.

@ /f\' $:X—=Y s called open if

Agx open in X=> g[ﬂ < Y open in Y

-1
General example: 1f 5: X—>Y is bijective and 5 . Y — X is continuous, then:

7 F ™
£ X—=Y is an open map @ d
: !
Confinuity of 511 AgX open in A =>(§)[_A1§ Y open inY &5{
w\/

§[A)
Examples: (a) £: R—=>R , x> open

() § R->R , xr—>xt notopen  A=(1.2) ~ §[A] = [o,)

Open Mapping Theorem: Let X,Y be Banach spaces., For Te 3()(,\() holds :

T surjective <:> T open map
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Functional analysis — part 21

Bounded inverse theorem: x, Y Banach spaces, 1 € B(X,Y).

Then: T pijective = T_1e3(Y,X7 (I1's continuous)

Proof: T bijective = T open map :> ‘l:'1 continuous 0O

open mapping theorem

Counterexample: x — (C([OG) , ||]|°°} I Y - ({SG C4([0,1])| 5(03201 , | ||°°> ~— not complete
t

Cl_})({") = v(g(s)o\s linear and bounded and bijective
’ t
TS = e [Js@4] <Usie = a,,, <1

Take 51«(]() = sn(kt)

(TF)®) = (1 cos®))
—Y —

> .
=1 S T G l () >
Tjk — gk = “.]_1"\(_>x > 3k _ K k k 00> ~
I3l I3, ¢
= T_1 not continuous TElL
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Spectrum for bounded linear operators
Recall: AQG:MV, matrix with nh vows and n columns,
Ae € is called an eigenvalue of A if:
Ixe C\joy = Ax=Ax
& Ixe C\jo}y : (A-AT)x =0
<:> Ker(A ‘7\]:) * Zo} <~——— map XI——>(A -7\]:))( not injective

Rank—nullity theorem:

rJLm (,Rom(M))

mxhn

For any matrix M cC .

+ dim (ker(M)) = h

Now: Let X be a complex Banach space and T : X —> X be a bounded linear operator,

Definition:  The spectrum of T is defined by: U(T) = {7\6 C (T._ 7\'_[> not bijeo’rive}

The resolvent set of T is defined by: f(T) 1= {‘7\6_ C (T__ 7\I> bijective

bounded inverse theorem

—>

and (T - 7\1_54 bounded }

7(T) = C\ pT)

We have the disjoint union:

point
spectrum

continuous
spectrum

residual
spectrum

0(T) := {7\6@

0(T) := {Xedl

(™) = 0,(Mu 0 (M) v 2 (T)

O;(T) 1= {7\6 C ‘(T— 7\I> not injeo’(ive}

(‘]‘ _ 7\I> injective but not surjective with Raw (T'%I) = X }

(T _ 7\I> injective but not surjective with meﬂ (TZAI) 75 X }
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Let X be a complex Banach space and
T: X—> X be a bounded linear operator.

A€ G(T) <:> (T — 7\> not invertible

Finite—dimensional example: X = (]:n / T x

{ 0 0
10 D1 e l(/\hg — 0})(—]—> <o>l<g>1: >
o/ \o y
are eigenvectors
2, X, Ay X,
TX — ( 7\1_ > (X1> = 7‘1>‘z>

\
~—
>
'_‘>’
>
v
/"'_\
,>< 5 oo H)( X
~_ __~—
"
~—
> et
< X
-~

o &, = (4,0, 0,..) is an eigenvector with eigenvalue A,

e &, = (0,4, 0,..) is an eigenvector with eigenvalue A,

= 7@ 2 {1 = G0

=> T—/« is injective

Show: T—/" IS HO‘\— SMVJ@C‘hVe bounded inverse
theorem =

1
Proof: Assume T—/« is surjecTive = T—/“‘ is bijective => (T-/“) bounded

= “(T“/‘51 | > “(T“/‘yeo”m: |05~ 1 yed-llﬂ(m:I("\J“/‘T\

1 for a subsequence 9
4

IR

result:  T(T) = {’,\,,?\1,,,,} U ire@ l/A¢ {'A,,%l,...}A/Ae {'/\7\}}

N N
7e (T) 0 (T) o/ FX7)  pelo
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>< complex Banach space

T:X—>X

bounded linear operator

U(T) = {7\6 C (T ~ 7\> not invevﬂb\e}
\fh—) 1= {7\6 C (T— 7\> invertible }

Proposition: (a) KT> ic an oven ced / /////f(.T>
J P /

gi?

G(T) is a closed set ///

A/

e aeptm: oAV | > T>>

(c)
° The map f&T) —> $(X) > Locally, it can be expressed
) as a Taylor series,
A (T—- 7\> is ama\q’fioa\.S

Proot: Choose ’/\OG\f&T) and set C:: ‘

Let's fake any 7\€(]: with l?\—'?\ < © .
Calculate: T - A :(T—-r/\oj A - 7\) (T 7\)< 7\ ,\)(T ?\>>

\_/\/\J
S
Isli<e ¢ =1
Neumann series: (I —S) with HSH( 1 is invertible because
n h—=> o N =
(1-51%S = (2-5") 25 I = (1-5) = 5¢
=0 k=0
_> T -=A s invertible —> AE f&T) :> f(_l—) is open (a)
-4 -4 -1 09 N
Also: (T_ 7\) — (I—S) (—]-__f/\c) — kz_sk (T"AA (c)\/
o0 5 S = &) K
= 2 (A-A{T-A)-(T-2) = S(T-2) - 1-7\7
Now for A€ U(T) io; I?\"')o\zi >M—7L|_C4
1 1 v
= Sup b
o\ist(ﬂo,O'(T)) U"5 |22, Nea(r) |R 2ol )

Aca(T)
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Spectral radius: >< complex Banach space e X —> X

bounded linear operator

A\

r(T) 0= SU\E A
AeGD
>

-0 (T)

Theorem: X complex Banach space | T x —> X bounded linear operator.

Then: (a) U(T) < (  is compact
() X#£j0} = ¢(T) # &

() r(T) -—;?Eml = /m I = mf T € ITl < oo

-1 )
Proot: For 7\€<E with |7\|>||T||: (I—%) — Z(%)k

> - 5P 4 5w

For (b):  Assume 0’(T> =N = f&T) =
Reminder: The map f(T) — 3(){)

A — (T—- 7\31 is analytic,
Take any /€ :B()O‘ }‘ﬁ: C —
A L(T-A))

analyfic function (holomorphic function)
We get that }‘ﬁ is a bounded entire function,

(> for (A z2lITl s U OF F5H) ©
SO < nar-51 <oy 51
11 s =
L +— 2l
Il

Liouville's theorem

——>  §, s constant
JMO) = /(T

M?O HT-2) = £

Hahn—Banach theorem

—> T =0 =

(part 25)

:_—> /(T_L> =( for all {e€ $(X)
X
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/N
() T:X—X

\ bounded linear operator

@®

~(T) £ 7

For normal operators: F(T> = “T”

[\' X is a complex Hilbert space

Definition: Let X be a Hilbert space and | : X—> X a bounded linear operator.

The bounded linear operator T*: X —> X defined by

<>/, TX> = <T*>/, X> for all X,>/€ X

is called the adjoint operator of T .

Definition:  Let X be a Hilbert space and T:X—> X 2 bounded linear operator,

T is called (1) self—adjoint if T*:T
(2) skew—adjoint if T*: - T

(3) wnormal if T'T = TTF

Proposition: |  normal :> F(T) = ”T”
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Compact operatfor: (X, ““X) , (Y1””Y> normed spaces.,

T: X—= Y vounded linear operator is called compact if

T[:B1 (0)__‘ is compacT,

hXh

h
(\Meav operator ([;n% C , X Ax>
L> compact

Example: matrix AQG:

We know: U’(A) = im , ’)\1 ,...,'Ak’k finite, non—empty set

ker(A-?\Q eigenspaces  (finite—dimensional)

Proposition: (XI ”“X) Banach space , T xX—> X compact operator, Then:

(a) U—(T) countfable set  (finite is possible)
b
P dim(X) = 0 = 0e (T

@ V'(T)\iOS could be empty or finite,

no accumulation points

Otherwise: V'(T)\iog = ir/\ / ’/\L,7\J,...g /oﬂ'\er Than o

(d) Each A € V‘(T)\iog is an eigenvalue of | (7\6: U},(T))

with  dim (Kee (T-2)) < 00

emele X MN) L Tx = (S),

Hilbert cube

T
T[&("ﬂ = {YG L) ‘ il £ % for all \)} compact sef

J

:> T is a compact operator

Te_k = %Qk (eiqemveofov) dim (ku*(T—-%\) = 1

IR EIEIRS S L
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Spectral theorem of compact operators

Let X be a complex Hilbert space and T: X — X be a compact operator,

Assume that | is self—adjoint (T*: T) a7 tanizl (—I—*T - TT*) |

Then there is an orthonormal system {_&L

L€ I} with 1 < NN
and a sequence (7\'3):(-:]: in Q\{Oi with A, oy 0 (if L imﬁwi’fe)

such that:

X = Ker(T) @ Span(e,|icl)
\ov’fhoqoma\ sum: X = M@L\/ means:

for each X€x there is ueu ; VE v:

© Xz UtV T/

Y unigue!

and TX = Z%k€k<ek,><> for Xxe x
ke ’\
K eigenvector to ?\k

eigenvalue

and “T” = Sur | 7\k| )



