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Fourier Transform — Part 4

We already know: we have an orthogonal basis (0B)

3 = (x > 1, X > cos(x), XF> cos(lx),; X > cos(3x) ,
X —> sin(x), x> sin(2x), x> sin(3x) ,. >

for T;Y_Pek with inner product <§,j> P = J}(x)g(x) Ax
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Normalize: x> sinthx), x —> sim(kx)> 1—Nf sm(kX)) Ax ﬁ\ >
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f(sm(kx)) Ax = fsin(kx) sin(kx) dx = sm(kx)(-—) cos (kx)
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: : W= kcostkx) 5kcos(kx)(-—)cos(k><) Ax

integration by parfts:
vV = -%‘ cos(kx) w

— fcos(kX)) Ax
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’"‘ 1- (sm<kx))
= 7 f(sm(kx)) Ax f1 M = 17

<x —> sim(kx), X —> sivx(kx)? = 17 ~> length = 1F

Hence: X > |77 sin(kx) has norm 1

Proposition: (1) (3 = (x > 1, X F>]Tcos(x), X F>{cos(1x), X > {2 cos(3x) ...,

x > [T sin(x), x > {Tsin@x), x > {Tsin(@x) . )

v
is an ONB w.r.t. the inner product: <§'j>1 D= Z1—Wf}(x)J(x) Ax
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(2)

(B = (X I%‘l— ) X > H:—.oos(x) ;X I%loos(ZX), X > 1 cos(3x) [ oo,

I I3 0
X —> l%'SM(X)’ X —> J%_|siv1(2><), X —> l%Psivm(:éx) S o >
~
is an ONB w,r.tT, The inner product: <§,j> = 1) g0) dx
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(3) = — ( > (3 x)
:B__ X ﬁ’ X > cos(x) , X > cos 2x),; X COslox) ..,

X > sin(x), x> sin(lx), x> sin(dx) ,... >

w

is an ONB w,r,t, The inner product: <Jﬁ,j>3 L= ,l\, f}(x)d(x) Ax
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For frigonometric polynomials:

h n

£(x) :'d'”"_,TJf Zak-cos(k-x) + Zkk-sin(k-x) . a;,b,e R
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Fourier coefficients w.r.t. ONB in (3)

0y = <XI—>COS(|('X) ) }2 | ’oTU:<x '941—7:Jr>
3
b, = <xr—> sin(k-x) }?

trigonometric polynomials

Approximation of periodic functions? with basis:
j —
B=(h. b, . h)
9 fR —> R
1% —periodic +“in’feqrab\e" /X ONB!
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orthogonal projection = \”K<L‘klj>
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