The Bright Side of Mathematics

The following pages cover the whole Distributions course of the Bright
Side of Mathematics. Please note that the creator lives from generous

supporters and would be very happy about a donation. See more
here: https://thsom.de/support

Have fun learning mathematics!


https://thebrightsideofmathematics.com/support
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Regular distributions
Proposifion: T: D(R) — R (or C) linear. Then :
T is a distribution <> V i 3 V Supp (‘(’) <K
<:|Rt meN, C>0 ((e;D(m") =
o 1T < C: > 107l
Prooft: Q(:) Let Yx. Y€ D(R*) for all ke N with LFKT>
Then there is a K R™  with S‘\AW(YQ < K
and for all « we have Hj) P - D \0” \\—>o= 0.
IT‘(\J _TW)‘ = lT(Y’x ¢) | <C|Tz:1h“® 0 - fD\o“
(=>) Proof by contraposition:
E A - supp (¢) S K and [T > €35 19711,
Ker"  meN, C>0  (eD(R) = m

Comfa\ct
For C=wm = keN fake Yy € éD(R) with IT(‘{I\)‘>|< Z HED \(k”

Ix\

0{+oLL+ -+,

Define: /\f/K(ﬂ = Y)k(ﬂ Then: 4 5> 0

lT ‘(’0‘ / | k
B "'2 = K = S
e AT | = Tl =1 =50
Definition: 5: R'—> R (or ©) is called locally integrable
if for all compact KSR : j|§(x)| dx < 00
Then we wrife: Se Jf:u(R")
For example: 5: R—= R, x+——= Xt = §€ i:oc(ﬁiv
For }}e dﬁ:ﬂ(ﬁ{") . define “I} € :D\(IR“) by FGK\(J) = Jﬂx) p(x)dx
R [Tto] < ¢33 o)
[Tl < J1se0l @l de < flgtatax - el v/
P ML K
- T N Cohrac“ se kQSurr(“f)

Definition: Te Q\(R") is called regular if there is a locally integrable function J[

such that T = Ts .
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Delta distribution is not reqular:
There is no locally integrable function :S:: ar% R (or Gl)
with g(?) — —l;(\f’) for all \Fé ;D([Rh>
/ N
Lr(o) FRS;\)C(X) \P(X) dx
Proof: Assume there is 56 cf:u (Rh> with ‘.F(O) — joc(x) k()(x) dx for all \Fé .:D([Rh)
rRh

—

1 U \"i_an = Aésc\ 20’3

kEN
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® L5~|JC(X)|0\x = & <

Ixl<1
V/4
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kLﬁ}Nthsk

1
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‘.
@)~

\\ (measure theory/ integration theory)

ST foldx = ke : g Slfelax < &

=k rl:hjk

k=1 rl..hjk
In summary: There is € > O with jlac(x)ldx - L < 17
Ixl< <
® x|l = ¢
Take fest function: (f(x) _ { 0 a JL
e 1
cxp(-—1_("%"),) l<e /]

< Sl < ig - Slsoolas

Ixj<c e ~— @«‘J
L

p(0)

$(0) = ‘ J 50040 d
th
< \&(0)—1{ => contradiction

C—
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Distributions — Part 1

§€ ;E: (Rh) &—— vector space of functions
) J

Ee Q{D\([Rh) — vector space of distributions?

Y in
Fact: !:D (IR ) is a real (or complex) vector space:

. addition: + for [, S c—:{D\(ﬂ{") , define | +.S C—:.;D\(ﬂ{h)
(T+S)(y) = T(y) + S(v)

T T, )9) = To(9) +To(y)

=} ) ds + S0yt
= J(569+ 50yt dx = T ()

R
Vo
o scalar multiplication: for Ve R (or @) | TGQD (fR )
define 7\ T by:

(ATIY) = A T(¥)

(we have all calculations vules in a vector space)

duality pairing: <T’ \f)> . — T(Y)
<. [ > : QD\(Rh) X QD(Rh) —> "R (or C) bilinear map
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T, S € QD\ (Rh) Nn—> T S makes problems..

Multiplication with smooth functions: S < Q(D\([Rh) , 5—6 COOOR")

_‘;- S can be defined as a new distribution,

First case: S is a reqular distribution S = _I—:j with je I‘:oc ([Rh)
(T-T () =7 Lly) = SG(X)-j(X)W(X) ax

IRh

5 \f)(x) dx = 1. ()CW with §-\f€¢D(fR")

R’

befinition: . G o, F.8 for §e CP(R") is the distribution defined by;

<§'S,\()> = <S/§\f’> For a\\\f)egD(fR")

proot: 1) §5: DR —> R (or ©) s linear ¥/
‘2l Leibniz rule: :DD((S\P> — Z(@(:DPS) '(:Dobp\fg

p<a
S is a distribution <> \f B ] N\{ S"‘W(‘(’) <K
clRt meN, C>0 (ee D(R™)
o 1S®| < C.g'm 1D° )

(5-S)9) | =[Sl < ¢ 35 o,
<cs S0 107l ()

<C > |07yl

Al =m
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invertible linear map Ai [Rh —> Rn

el (R) = Sepefl(®)

{
o = J 5 b =) S sl

i |o\et(m|%; oy = (T gl v+ A2

)
Definition: Let T€ !:D ([Rh) and A : [Rh —> Rn be an invertible linear map.

Define: <T°A/ \f)> ‘= <T' |0‘61(A)| LPO A_1>
T e ST, 0 = (T g oD

denotes the delta distribution notation)

For be
o <T D) g6 =T, e it
@"QE*([R“) = GeCR <T Gx), \f’ () : <T X), IA mm LFG x>>

bueo’ﬂve oleﬁne

Jac

eample: At R —> R rotation (A = A |det(A)] = >
S(Ax), 960> = L8, olk%)> = 9&'0) = ¢(0)
= {5, 0(x)> = S(A) = §(

:’> delta distribution is rotational invariant
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Motivation: fc C1(fR") (h - 13

Ly
We get two regular distributions: T;( ) Tsx € :D ([R )

We have: <T—S"LF> j; x)kf X)AX J/Pk
Relad 2supp(9) g =N

= gjfx(x) p(x) dx
= g(X)YX) jjcx)L()x)Ax

L/\(—\G\J
= <—T:§ [ (f’\>

" \ x \
Definition:  For a distribution T€ J) (Rh), we define a new distribution D Te J) (Rh)

(tor any multi—index 0(), called the (distributional) partial derivative ot T

by: <:Doc_l_’ l.r> _ (_ 1)Ir><l<_[_I :Dqu>

Note: :D“(TQ = T:D“; for jfeC“(fR")

Example:  (a) Heaviside function H: R— R 1}\
o = (1) (n=1)

LD, tr>—(1)<TH,t(>

= fo)kpx)dx = y x)tf) (x) dx

“[« a) 2 supp(9)
D
= supp( )

\V

[

-F 1 e = - Tt ax

= <= (0\) + =
e p(0) =8, 9

=0

distributional derivative of H = §

i D6 == 5> = -4

A= (1)
distributional derivative of o
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TG @\(Rh) :> D“T € 3\("{") (for any multi—index o()
Therefore: D“: :D\([Rh) S— ;D\(Rh>

\\ . linear

« continuous

Result:  For distributions _]_K (k€|N> , we have:

D“(ZT.) = 2,0,
k=1 k=1
//(2'0'0) ”(o,l,o) 4 (0,0:2)

; ' i — = ) F Y
Example:  Laplace's equation: Al =0 ( A=D+D+D >

n= 3
_ 1 1 euclidean/standard norm in Rg
= YO =5 e
reqular distribution: TX , D/G iLc([R3>
<ATX , x{y> = <TX , Ax(;> = Jb/(x) AY(x) dx
B,

= f}(x) A(x) dx + f}(x) AY(x) dx
3@\ 3.® 3.

— {im Jy(x) A&(}(x> d x Use Green's identities:
o B3, ®\ 3. v

= ¢(0) =<5 ¢

= ATX = g (fundamental solution)

Definition: For a differential operator P(tD) = ZQ*ZDMI (P((D) = 0>

[4)<m

S Y/ A
we call | € J (R ) a fundamental solution if

POYT = §
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) h
T€ ;:D (R") , KQ_R . There is Vn€|No [ c >0 such that:

(compact)
wep) S K = [T, 9> ] < ¢ S %,

< 5.max£|m MOIN EE ANET

)
Definition: | € Q'D(

is called a distribution of finite order wm if:

R")
V 3V sk = KT, o> <cll,
»  KefR C>0  Yed(R")

compact

oL

n

Reqular distribution: ‘<—|—§ / Lp>‘ = ‘ff(x) kf(x) Ax < ﬂf(x)‘ Ax- ||gf||0
K K

C

:> of ovder ()

Theorem: {T ;D(ﬁ{h) —~> C | T is of order O}
bijection
< >

{1 B) — Cofol | o complex wader neasure |

For /A define: <T [ &€> - JYO() 0‘/"(")
v

o , 0¢A
(S(A%:i1 -

Corresponding distribution: <-[_g | g()> = JY(X) AS@() = (f)(O)
g

Example:  Dirac measure:

:> E is The delta distribution
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convolution X for integrable functions 5:; ﬂ{h% R / fl)f(X)l dx < oo

A G L
e Z'(r")
(}G L4(Rh> for egquivalence o\asses>

>/

>

(Jg* >(X) = f}(X-y> )/ 0()/ exists almost everywhere for XE Rh
R

One has: ”5-» ||1 e ”5_“1“ ”1 ~> L“(Rh> with 4+ and *

is an algebra over R

Generalizations: 56‘ i‘;(mﬂ) ) (f,"fe @(Rh)
Condoo> = Jopn 56D 400) b
R

] [t 50 dy ) )

R

i f f(y) f«y(x—y) t{)(x) A X 0()/
R\n Rn ——— g
mv|z(y—x> with p(2) = N|/(-2>

:R[&(y)(«vyw)(ﬂo(y = Gy e

For reqular distributions: < T"I’*;’ Y > = < T., '\\P b3 L{)>

Y/ n n
Definition: For | € J) (IR ) , Y€ @(R ) define a distribution:

CyxT, 9y = Ty xe>

convolution: X : ;D(Rh> X 3\(“{") — > Q(D\(Rh) bilinear map
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convolution: X : ;D([P\h‘) X @\(ﬂ{h> —_— ;D\([R")
Cyxd, 9y =8,V xy ith A (2) = y(-2)
= (¥ »¢)()
= f«?(o-y) o(y) dy
R

:R{«y(y)tp(y)o(y = (T 4y >

Hence: /\}/)Lg =Y for all ’\f/é @(Rh)

k Qseem as a regular distribution
>

neutral element for %

Properties:  (a) For all multi—indices o :
D(yxT) = @‘XW x T = v x('7)
(b) ﬂﬁ*(’Y,_)KT) =(y*y)x [

[~ §
Application: differential operator: P(@) = Z“x:D

\WPN
fundamental solution: P(CD) E = § , e J ([P\ )

partial differential equation: P(CD) w = § ~—> search for u
( A = 5)

How about U\:§>I<E 6?

P = P §xE) = Fx(PME) = §

T

3



BECOME A MEMBER The Bright Side of ¢ 4
ON STEADY Mathematics

Distributions - Part 15

N\
Support: i R — R /\ J\
: . : > R’
N

(/ SUPP($) : = [xe R’ | £(x) # 0}
>

complement is the largest open set

U<=R" such that ‘HU\: 0

\ h
Local behaviour of a distribution? Te Q"D (fR ) What is the value of T

at a point X, R 9
test function
v e f

L/> hot meaningful

)
>

" N pen set SR
T=0 mnh <= T(f) =0 ¢oraipe D(R") with supp(y)< U
pample: SeD(R) : §=0 i R\WOE  (snee §(y) = 9(0))
L support of § is given by [0}

Y/ n "
Proposition:  For | € @ (R ), there a maximal open set [\ < R with

T=0 in U..

The complement is called the support of | :

SupP(T) := R'\ U (closed set)

Prook:  peine: I := JUSR open | T=0 in UJ
U.. = {JW Question: Dowe have | =0 in WU, Y

SUPP( \{J) Me'\k

is
compact

_> we have a finite subcover

supP(y) S Uyu U v -

Partition of unity:  There are fest functions Ay v, -, Y € D(R")

value 1 ::Lj with 5“??("1’;)9 [AL such that:
>Rh

1 => %)  forall xe SUPP(y)
L=1

Parfition of unity

_> \f)(x) = ; ,YL(X)' \F(x) for all X& Rn SU?P('\K;Y’) - ML

. L
—> <T;\f> :<T,;"1’LKF> :Z,m =0

=0

L



BECOME A MEMBER The Bright Side of ¢
ON STEADY Mathematics

Distributions - Part 16

\ n )
TG cr,D (m ) = SUPP(T ) < R closed set

could be used as a “test function"

L s

~

/R"

(gl

Supp(T)

SWPP(T ) N SuPP(y )}

is compact in R

Definition: For | € @\(Rm) , we define: ET:: { Xecm(mh>

Extension for | to ET:

T(X) — <T} X> s = <T, \FX> for LPG ;D(ﬂl") with
LP(X)=1 , for all X in an open set

that contains:

SUPP(T )N supp(y)

1

(g

SUpPP(T) R

SU?P(kF-X) = SUPP(Lf )N supP(y )

Is it well-defined? LP1 , kf’z € ‘:D(ﬁ{") | \ﬁ(x) = Lf)l(x)=1 , for all X in an open sef

that contains:

M% SUPP(T )N Supp(y )
E >

<T’ LP‘\X> —<_r/ YLZ> = <T’ (LP1_\€L)K> = (

Properties: | : ET —> fR (or € ) saftisfies:

(1) It's a linear functional on ET'

ot |
(2) Distributional derivatives: <:|)"“|‘J X> — (_ 1) <-|—) :DXX>

Common notation: For a distribution |  where SUPP(T ) is compact in Rn:

Te &(R")
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Distributions - Part 17

Convolution from part 13: X ;D(mh) X Q(D\(Rh) —> ch\(mh>

defined by: <’\|/>KT, Lf> :<Tl ’\\|/J>I<Lf)>

where ’\\]lg(x) — ’\t/(-—X)
x: D) x (R — I (R

Conhvolution (extended):

o ) n
Definition: For Se £ (fR ) , We define a new distribution:

Easy to show:

$S,9> =45, %) (e =T, 8>

We gef: 3/6 E\([R") .

Proposition: For ’\1/6 {D(ﬂ’\"), Se Z\(IR"), we gef:

Y X § is a regular distribution
and «Y*§ GCN(Rh>
and Ak § S ;D(Rh) ( Su??('\yxg ) comPacT>

Definition: The convolution X :,D\(mh) X E\([Rh> — cr,D\(Rh)

is given by <T*S, ‘-P> . <_[_} kP*§>

Compatible to old definition: Choose regular distribution | = T“r with v eD(R")
=T

ANA— I
<T“r*g' “P>:<T ) LP*§> = S/\rzfx)\lj(x) dx
-
= px8, v > =8, 4y
v v y
= <S/<‘€*“1’)> = <5/"1”"\€> /

T  foral TeD(R")
S foral Se&(R)

Important property: T x §
xS

Il



