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Banach fixed—point theorem A(x,%) >0 for x#%
X
Let (X, A) be a complete metric space
K R all Cavohy seauences are convergent 0
metric = distance function
_ X
and OF >< —> X be a contraction, which means: m‘TQ(")
316[01) Vx, e X: 4(® ><<10\(><><>
Then: A _ _ %
gz has a unigue fixed point X" ¢ X (@(X*) — X*>
and for each Xaéx we have: ( > g ¥
Proof: For a given XOC—‘,X, define X, := EH(XO)
Is (Xh)hG.IN a Cauchy segquence?
A(xhﬂ ! Xh) - (A( §(X,,) ! §(Xh—1>> < (1'0\(Xh /Xh—1>
= ¢ d( B Bl)) = g dQ s e
(" cee < c1h-o\(x1 ,XO.) (proot by induction)

A\ )
. A-inequality

)
For h> d(xh, Xm\) < A(xh ) Xh-1> + Ok(xh-ﬂ / Xh—z) +
F O\(XMH’ Xv-)



:> (X"‘)nelN Is a Cauchy seguence ( D\(Xh, Xh‘) m 0 >

completeness

:> (X“)nelN has a unigue limit X*GX

Fixed point? @(x#) =S @(\im X = lim @(Xh) = l|im Xh+1 = X*

Nn->o00 /\ Nn->00 N->o00

contraction is continuous

Unigueness? We have a map @ with o\@(x),@(%)) < c1‘o\(><,’i) and fixed points X*,Q.
k= A ) = A(B) BR)) < g Al %)
=> 1< g

By contrapositionn 0 < 0\<4 :> X = X []



