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Banach fixed—point theorem Mx5) >0 for x#%

X

Let (X, A) be a complete metric space
x Ka\\ Cauchy sequences are convergent ES

metric = distance function o

and _C_2 : >< — >< be a contraction, which means:
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Then:

D has a unigue fixed point  x*¢ X (@(x*) = X*>

n N—->oa

and for each X0€X we have: ?E()(o\) — x~.

n
Proof: For a given XOQX, define Xy ' = @(XJ

Is (X"‘)nelN a Cauchy sequence?

d( %y, %) = o\(@(xn),ﬁ(xw)) < <1-0\(><h/><h-1)
= ¢ 4 B(x..), D (%)) = Al s %o

< <1h-0\(x1 ,XD (proot by induction)
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completeness

_> (X“)nelN has a unigue limit X € X

Fixed point?  B(x*) = B(lim x.) = lim B(x,) = lim X,,, = x"

N->00 /\ N->00 Nn->00

contraction is continuous

Unigueness? We have a map @ with A@(x),@(ﬂ) < clo\(X,SZ) and fixed points X*,Q.
FE R = A K) = 4(B0) . BR)) < gl %)
=> 1< g
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By contrapositionn 0 < 0\<-1 :> X =X []



