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Abstract Linear Algebra — Part 1

Prerequisites: Start Learning Mathematics

/ \

Linear Algebra :
T Real Analysis

Abstract Linear Algebra '

Content:

general vector spaces

* general linear maps

e change of basis

¢ general inner products

eigenvalue theory for linear maps




)
Definition: vector space R
v | >
adding vectors

@h

V

Let [F be a field (often R or C) .

A set v * ¢ tfogether with two operations,

scaling veo’rovs>
N /R

scalars from a field
¢

o vector addition + : va — Y

e scalar multiplication -: [FxY — V

where The following eight rules are satisfied, is called an IF - vector space,

(a) (\/ , +> is an abelian group:

(1) u\+(v+w) = (u+v) + W

(2) V0 =y with o€V
G Vvi(-v)= 0 with —veV

4) Vviw = waV

(b) scalar multiplication is compatible:

(5) ’)\-(/k V)= (7\'/0'V

(associafivity of +)

(neutral element)

(inverse elements)

(commutativity of +)

(6) 1 V =V | /|€|F (multiplicative unit from the field)

(c) distributive laws:

(1 N(vew) = v + Aw

(¢) (?\-f—/-\)v = NV +/M-\/

~—~>  abstract vector space

L




Examples:

Abstract Linear Algebra — Part 2
set 4

S addition +

S scalar Y
multiplication

¢ rules for + and -

vector space:

_— field [F

(important cases: fR,C)

(a) The space of matrices ({:mxn with matrix addition and scaling:

complex vector space (see: Linear Algebra — Part 11 and s5%)

(b) Function space, Consider a set T and functions 3:‘- I —R.

Then GL'(I) = 5‘5— T — R} defines a real vector space:

o vector addition

§+\9 defined by:

R N\
(§+ 900 = F0 + 9
,\aoldi’riovm in R

$+9

¢ scalar multiplication '}\JC defined by: A

R
(™ $)(x) =

L—> check g rules!

-
A F(X)

multiplication in R

)\
— —t
>2
U Lo
\'4

(¢) Space of polynomials: ?(R) ' = {, F . R > R polynomial Func’rion]

L> F(X) = ahx” + 0\,,_1'Xh-4+--- t+ 0\1X4+c\0
frtpe , Mp defined as before

:> real vector space

zero vector

We see: ?UR) - G"(ﬂ{) \T(m) /[

{
&— linear subspace in :}'(ﬂ{) P (R)
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Abstract Linear Algebra — Part 3
-V [F-vector space
set + & rules /
L> for example: space of functions
L> sero vector 0€Y
Question: [).v = & 260 vector , )V = -y for veV 1
/Q 2ero iIn ﬂ:
(¢)
Proof: O-v = (O+O)-V = 0v+0v ‘/assooia’ﬁvi’w (1)
(3)
=> D-v + (—(O-V)) = (v -I-(O'V + (‘(O'V))>
N V
(3) =0
(%)
= (’I +("I)>-V =j}%+ (—1)-\/
(3) (¢)
—> VA0 = Vv () => -V = (1)V /
=0

-V
Linear subspace: . vector space inside another one % /
1
V=R

\:M subspace
/‘ - zero function lies in 'P(m)

- PR) < JT(R) —— adding two polynomials gives polynomial
—

scaling polynomial gives polynomial



Definition:  \ [F-vector space , W=V, 1f

(a) oelk,
(b) uvelh => u+vell,

() uel,NelF = A ue W,

then L s also an | -vector space. We call it a linear subspace of /.

Example: (Pl(_ﬁl) polynomials with degree < 1 (Xl—> ¢ X"+ X , X $x+1>

:> /P),(R) - }(R) subspace
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We know:

?k (R) 1= ipo\qnomia\s with degree < k}

P(R) = P(R) =« P(R) < - cP(R) < T(R)

subspace

subspace subspace subspace
Definition:  \/ [F-vector space:
(a) For V,,..,veV, &, .., e lF,
k
ZD{JVJ is called a linear combination,
9=1

(b) For subset MY :

Span(M) .= {a\\ possible linear combinations with vectors from M}

Span(¢) = {01 é’} subspace in V

(c)

A set MC VY is called a generating set of a subspace U<V if

Span(M) = U

(d) A set MCV is called a linearly independent if for all kelN and \{).G,Vi
k
=1

(e) Aset MV (or an ordered family M :(V1:---/Vk))

is called a basis of a subspace NSV if M is generating and lin. independent.

(f)

The number of elements in a basis of

is called the dimension of U
[ - L
cardinality of M dim(lh) € £O'1' r rg v {OO&E

could be distinguished more




Example:

(1) OIiYYI(?O(R)) = 1 > basis M :(XI91 )
N (
space of constant functions/polynomials R—>R
) dim(P(R) = 3 (> oasis M =(X4> 1, X0 x> )

/\ polynomials of degree < L

) dim(F(R)) = o0

(4) O“YY\((E'M) _ 6
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Coordinates with respect to a basis:

AssumpTions: F=R or F=C , V | -vector space with ollm(V) =h< o,
B = (L1, b, , ..., Bn) basis of V

Then: each vector VQV can be uniguely L,

written as: V=, L1 + o, LL+ e 4 (thh with o€ F

Definition: o are called the coordinates of v with respect to B.

h 1:1 0(1 h
Remember: \ = {XJLJ & D?L €|F

oLy,

K coordinate vector

Picture:

abstract fix basis

vector V 3 oy
space Defive: @ (o(1 byt o4 o(th> = [ %

_ 3 "
5 )% g
3 3 )

oonofve’re I_Fn standard @3 : V —> I.F Is a \IV\an map:
\;?;CZV basis

@3(v+ w) = %(v) - %(VJ)
%(ﬁ-v) = A %(v)
¢

is called basis isomorphism

8 0

L> @3({,‘0 = e = C1\ canonical unit vector
0
0



Question:
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subset of ?(R) given by:

cos: R —> R ~—> U&UQ@
sii R —=> R~ %UQ%
exp: R —> R ~—> /y\

—

W= SP3V\<COS, sin, exp>

generating \/
Is (cos, sin, exp) a basis of U ? /
\

linearly independent L

We have to check: 0(1-005 + (,-sin +¢{,-exp = 0 :> O(J- =0 for al j

0(1-cos(><) + o, - sin(x)+ o, - eXP(X) = O(X)

means: zero vector in }UK}
G 0: R—R
X+ ()
for all xelR

o, - c0s(0) + oL, - sin(0) + o - exe(0) = O
—> § %oos(T) + ot sin(F) o exe(T) = O
o, cos( —1i-500) + of, - sin(—17-500) + o exp(-1m500) = 0



N v 1 system of
‘> 0 1 e oL, | = 0 linear equations
- 1000
1 6 ¢ 1 0

1 -
Since oleT(O 1 e:m> — C1OOM‘—+0+0‘1"0 -0 < O,

1 0 e’fow'l‘f

the system of linear equations is uniguely solvable,

:L> X, = &, = o, = O :> //(oos, sin, 6><P) basis of |\

3
Basis isomorphism: @3; M RN R

st o) (1), 369 () 29- (3

What about V: R% R | V(X) = 7 COS(X\+ zeXPKx>

@3<V> = @) A is completely

3
represented by R
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(LML’zI

< V \oa5|s
@ ,Cu ) basis
%sis isomorphism @C asns isomorphism

o

of
> >

l e1 QB/ | e1

Recall: §3: VYV — ﬂ:w given by 53(1")) = ¢ tor all

\4

-.1 n _‘1
@:,55 F —=V given by 53 (CJ) = LJ for all J

-1 coordinate
For each VEV . v = @3 << vector >>

Example: fl)t(fl)\) with basis B = (\r\mJ ) Imy ,\mz> where Vna(x) =1, yn1(x): X, MZ(X):X’L
For ?efi)t(fR) given  p(x) = Ikt +8x =12

- -1
?:(_2)"’“0 t 8'|"”1 + 3"’"1 — 5‘31 <X>>
3 coordinate vector
NI

Another basis: G =(C4,C1,C37 with C,=my , Co=m C3 polynomial

(cg(x):zxwx

coordinate vector

1 L



old vs. new coordinates: 3:(!,1,5“___th) basis , C :(C“CI,._.,C,) basis

P it
B,(v) = <P) e~ O (v) = 7”>
pr Yo

Vo= Brbyr e Pt V= Gyt G

—h

n
“— change of basis: g: F— |

linear:
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vector space of dimension n

V Tfwo bases ,3 (Lul’z! ,L )

/

n —h
N change of basis: g: |F — |r

§ linear:

5

old coordinates new coordinates

| o) . : !
What happens if we put e, = <o> into J( ~> 5:(@1) = @C( ?@Y(i,) ) - @C(L1>

L
We can see 5 as a matrix §(X) B ( >(>||<>
"

| | | transformation matrix

—l_ — @C(L1> @C(L’) @C(Ln) fransition matrix

| | | change—of—basis matrix

from B 10 C

1

EB(V) §C(V) Remember!

Qa s @t: loes @B

Fact: (—l— ) _ T

C<«3B



Example: = T)(“Q) polynomials of degree < Mmy: XH> 1
L L W\1'. XHX

M‘“J /\‘H I\H . 1
B = (h"tl 11 s X=X

1 Cy G
—l_ ~> how to write b: with a linear combination of C
C<3B J
—l_ ~—> how 1o write C. with a linear combination of B
Bel J

1 1
> column vectors §3(C1> ={-% |, §B(CD =z ], §B(Cz) =
6 0

| 1 0 calculate
B y inverse!
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Abstract Linear Algebra — Part 1
. : V vector space of dimension n
T () =(
BelC e ‘ B \”/
\/'Y\J /{
change—of —basis \ —l_ (hx n)-matrix
atrix 0] (v) B
ne §C(V) $ invertible
Example:

c= (1))

2-((), («)

standard basis

| |

e already know:

e (@E(m @E(Lg) _ <L, LL>
| |




We can calculate:

s = Toes 1o
-1 —|_
:( f‘,(—zj5 LB
-
calculate product immediately I
> —|_1’;<-C x = Tz<—3
I/ A\

(5%)

N ool 12 | 1 3> (1 2 ‘1 3>

>Ove<oz‘z‘f T4 o 1112
1

~ 1 0 -1 -1

L-2T \o 1| 1 2

M\~
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Always: I_I:Gim,@} o K = {D( - F=R for welr
X , [F=C
\ T — mxn
> A" = Axl F=R for Aé”’—
A, F=C

Definition: < ) > : \/XV — ”:

is called an inner product on the n:—veo’for space \/ if:

(M <x,x> >0 forall xeV

(positive definite)
and  <x, x>

0 :> X = 0 (zero vector)

(2) <), , Xt ')‘(> = <>/ ) )(> + <)/ ,fi> for all X,’)Z,yév
ly, ax> = ALy, x> forall Ae F x,ZyeV
(linear in the second argument)

P,y =Ly x> forall x,yeV (conjugate symmetric)




Example: (a) For U, VE H_‘v: define:

u,v = WY, U+ o D = WV
standard
1
(b)  For U,VE H__, define:
<U\,V> = U1-VL +U,_-V,| ~> (2) and (3) satisfied

G =-t-t=-t<o :;)ﬁ:gd

not an inner product:

) ,P([o;ﬂ/ ”:) polynomial space |, F(x) = LX s P([O,ﬂ, ”:)

Define: <5: )3> — 5@3@) dx

1 ! 1

Examp\ez<r)‘)> = 5H-LX o‘x = SX'LJ\X =13-X =3

0 Q

< 5w~ fya >

v=1
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1
Example: 1n [F :

= (o) ;3)@'52@,&

~————=> check 3 vules of inner product A

L—> <xy x> = <%, A

standard

for x#0
hxn
Definition: A€ -

is called a positive definite matrix if:

X
o A = A (selfadjoint/symmetric)

* <x, Ax> for all x€ F"\ {0}

s*andavd

hxn
Fact: 1f A(—: ﬂ: is a positive definite matrix, then

<\/, ><> fom <>/, Ax>

2]
defines an inner product in I

standard
Example: < x, (| >xZandaYd KX F X XK+ EXX,
|x, +x, |+ 3% 0

1 L 1
1f |X1+ XL\L*’,}“XLl =0 => |X1+ XZ\ =0 and |X.| =0

11 L Anit ::€>> ><1
:—> (1 (f> positive definite



hxn
Proposition:  For a selfadjoint matrix A€ ”: , the following claims are equivalent:

(a) A positive definite
(B All eigenvalues of A are positive (> O)

(c)

Aftter Gaussian elimination (without scaling and exchanging rows)

OV\\% with row opeva’(ions Zb+7\J ) (see part 37 of Linear Algebra)

all pivots in the row echelon form are positive,

(d)  The determinants of the so—called leading principal minors of A

Vs Hf: (GM> H - (q,, qu>,

aH o AR

A — Ay P An H Ay A, 9, |—|
X 3~ Ay Ay 9y, ) ) h—A

Ay Qe Oy Ay Oxn Az

are posifive,

det(H,)> 0, det(H,)> 0, ..., det(H.)> 0

(Sylvester's criterion)

Example: A= (1 1> (d) det(1) =1 >0

def(}; -1 =3 >0

s 0
(¢) Gaussian elimination: (
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Recall: inner product on the H:—veo’for space \/ :

<. : > ; \/xv —> ﬂ: three properties:

For V = [Fh: <>” X> = <>l’ AX standard

posifive definite matrix

We use inner products for: ¢ measuring angles <——— Cauchy Schwarz inequality

* measuring lengths: || x|| ::J<x,x>‘

norm of X

Cauchy-Schwarz inequality: < , > inner product on the n:—vec’rov space \/

Then: ‘<>I, X>‘ < ||><||||)/|| for all X,Yév
and |<>/, X> | = "X"")/" <: X, >/ lin, dependent

Proot: (1) For X=0 : <)’/u§> = O<>/,V> = O and ||><||||)/|| :O
0-v



(2) For X#(0: Show: |<y’llx7ll>|é ||)/|| C Ikl =1

=y, —7\<><_,y> ALy PR

\_/Y\/

= o
A A 1
= 2+ A (2R (kD) + |yl
—
P ]

guadratic polynomial has zeros: A, , = “f; i\](ﬂ)i_ ‘

WA
/\\j N
> or v >

= (-9 =<0 = Re((y.i>) < Iyl

:> ‘26(<)’;;<>)‘ < ||>/” ~> Cauchy—Schwarz |F=(R

For [F=C : Silf<)’:;<> = |<)’;;<>|

AN

‘Re(c(y,§<>)| = ‘Ee(<y,g_>“,<>)| < ||)/||



The Bright Side of Mathematics — hitps://tbsom.de/s/ala

Abstract Linear Algebra — Part 13

general right angle:

P
A/;Ty normal component off

X
orthogonal projection of p :> P = X+Y

Definition: \/ H:—veo’rov space , inner product < ) > : \/"V — H:

We say X,Y € YV oave orthogonal, written as X J_>/,

it <x,y>=0.
Example: ?([—1,‘“, ﬂ:) polynomial space | <5— ) 3> = jm‘j(x) d x
-1

1

P1 X B X :> <‘)“[)Z> _ 5)(30‘X

P:.' Xl—>)(1 _1

Definition: \/ [F-vec’rov space inner product < , > . \/XV — “:

For M v I M= &, we define the orthogonal complement:

I

0 = F1_Ll>z

ML = {xg\/ ‘ x,m> =0 foral me M}

L L
" & é& " %
M M
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net flow

= Span(r)

Definition: V ﬂ:—veofov space , inner product < ) > : \/XV — H:

Let W <V be a subspace with || = Span(r) , 0.

For X€\ and a decomposition X = ptonith e, nor

/

we call F orthogonal projection of X onto A
h  normal component of x with respect o
Let's show the unigueness: Assume X = 'J +h , X= F+ n oL
c €1 e, U
E W W W
> :> +th =7+h — -7 = W-n
; i P > 7
r W \/N.L



ExisTence: q;e U = Span(r) = P = M for AE H:

rx7 =r hren> =A< >+ {rn>
v

=0
_—__> 7\ = <r, X> <r, x> /

<r,f‘> ’\> f:<r,r>‘r ,h:x—F
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Example: R'L with standard inner product.

SO

(unit vector)

( orthogonal projection:
N
r<f, >

Generalization:

1
Important fact: Wn W = {Og for every subspace UV

Proposition: \/ H:—veo’fov space , inner product < , > . \/XV — H:
Let WSV be a k-dimensional subspace | 3 = (L“Ll,... /Lk> basis of .

Then for >/€V= )/_L w for all U\Q.\A
=
y L by forall jeftie,.,k
Proot: (:>) \/ (<:) We assumi: <>/, Ed> — (O for all Jei’l,l,,,,/k‘g
o= B basis
)/_L V.

k
:> <y/ WZ'()\O EJ = 0 :> for all

e \



Orthogonal projection onto a subspace:

\/ [F—vecfov space , inner product < ! '>) ’

UWe VYV  k-dimensional subspace,

1
For )(é‘_\/ and a decomposition X = Pt with f)€u_, ne U )

we call F orthogonal projection of X onto A

h  normal component of x with respect to (A
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Orthogonal projection: x " . - I? L
h ey
U
\/ I.F—veo’rov space , inner product < , ->}
eV k—climensioma\ subspace , P

Assume we have a basis 3: (L“L“___ ka> of W, LVF

f = ?\1L1 + ‘>‘1_L'L + - + ?\kLk for some 7\1,.,,,%(@_“: ~ b,

For each basis vector BJ- : <[’J : X> = < > <l3 ,n>

O
= <LJ., Nyt Nby + et ?\kLk>

K
IR,
L =1

Let's vewrite these K linear equations:

<1I 1> <B1,L> <L1’L’k> '>\1 <b1’x>
<,’LIL1> <171le> <l77_'l"’k> A <b7—’x>
Gty <t = <t/ \ N S

k’/_\f\//\> solution gives us the orthogonal projection

Gramian matrix G(:B)

Do we have a unigue solution? G(,B) invertible <:> Kev(G([B)) = {0}



Let's prove Ker(G(3B)) = %0}: Choose (i::> € Ker(G(3))

P o
G(:B) ( F"> = <0§ :> for all [?1\<_lv‘l-/,"t,1>+ \3®Lz> +o F®k> =0

3 0 0
Example:  [R7 with standard inner product , U= Span<<1>/ (0)>

) an-(; )

X =

Proposition
part 15

<L1,L1> <"1/Ll> h
<"U l’1> <L"1' Lz> v
<l>k/l=1> <l’|\/l’z> .

' <l’1 ! Lk> 1
’ <|’1' Lk> t
’ <l’k/ Lk>

A
A

M

by
> —— <<I:Ux>>
o,

linearity

k
—> forall j: <LJ.,Z{§LBL> = 0

yE I %QM
e s ()
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V ﬂ:—veo’rov space inner product < ) ’>} U< V k—dimensiona| subspace |,

Simplified picture: What is the distance between (| and x4 () ?

x+U

=14

?
S?

Approximation formula:

\/ ﬂ:—veo’rov space , inner product < , ->} Us YV  k-dimensional subspace |,
ror eVt dlist(e, W) s=inf - ull | uell] = Ix=xyl
—

orthogonal projection
Recall: |x|:= ’<x,x>

norm of X




Proof: For all uel: ”X— lA“l — “(X - X|l)+(w“1 X]y f? &

\_/'Y\_/

E— =:xel

nnnnn | component of x with respect 1o ||

= <h+’G , ht U

= <V\,In> + <n,’—df + @ + <’J,’a

=0 V\Gul

= |Inll" + 5l > (I
—

=0

:> i"“Ci||><—U\||| U\G\A} > ||nll

We have equality <:> 6=0 <:> U= x|, ]
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AssumpTion: V ﬂ:—veo’ror space , inner product < ) '>) UWs'Y k-dimensional subspace ,

Idea: Choose a nice basis (LM b, ..., Lk) of W: b /]\_I
L 51
<l‘1 ' lJL> =0 | >
1
<LJ1IB1>: ||L1|| = 1 / <L)7_lbz>: 1

No’fa’fion: <L’LILJ> = gu‘) ::{1 ! E.=kj

0 , L#y

Kronecker delta

Orthogonal projection: For xeV: X = xlu + xluJ_ can be calculated:
3:(L1,L1,._,,Lk) basis of |A €u G(AL

Y X
o))

Gramian matrix

~——=> solving LES gives th

\) <L1,L1> <L1:LZ> <l’1’L’k> Ciacjs 1
Chyb> by b> e Kbb> | 1
6(3): '. — 1 |
1
<17le1> <l’|\le> <Llek> S~
k identity matrix

= X|, = Z b < by, %)

i



Definition: ﬂ:—vec’ror space , inner product < , ->} UWs YV  k-dimensional subspace ,

A family (51,L1,...,Lm> (wifh LJ-€U> is called:
orthogonal system (0s) if by, b;> = 0 for all L#) L] S

orthonormal system (ONS) if <E;_,l:d-> = g&j

orthogonal basis (0B) if it's an 0S and a basis of U

orthonormal basis (ONB) if it's an ONS and a basis of U

3 1 0 0 3
Example: ]R with standard inner product , ((°>'<}J>’ (?)) ONB ot IR :

0



The Bright Side of Mathematics — hitps://tbsom.de/s/ala

Abstract Linear Algebra — Part 19

\/ ﬂ:-veofor space , inner product <: I.:>)

UWe V k-dimensional subspace

B=(b,be,..,by) ONB of U,

k

orthogonal projection: Kl = E l bJ<|,. \ x>
J
VY\J

The case ¥Xe A

Result:

Jg=1
scalars

X

X= Nby +Abe t - + )by

] | TRE

How fo find?

v

& easy for ONB:

\/ ﬂ:—vec’ror space , inner product < , ~>} UWe YV  k-dimensional subspace

Let ;B:(L“Ll,...,t,k) be an ONB of U .

Then for each uce A we have the linear combination

W =

k
g=1

LJ<L,J ,u> (Fowiev expansion of w w.r.t, {B)
——

(&F
Fourier coefficients




Example: V=W0 = Span( xp L, x> cos(x), x» cos(2x), xb sin(x))

=
(subspace in ?(m)}

with inner product: <§ | j> = 1: j X)ka‘) dx

I\
-

We get: <x»oos(x), X b cos(X)> = 1:-j(cos(x)) dx =1

Cxw cortar, s snny = L Jcostsrsnin d %T%
W

odd function

:> $ — (x»il? ) X cos(x) , X cos(lx), xXp sin(x)>
L
Take WK with W(x) = (siv\(x)) (ao’fua\\q WE \/>

Calculate: <I;1 ,u> — 17

3 |
cos(X)(SiVl(X))LAK :1: %(sim(x)) ‘ =

cos (2x) (sm(x)) dx = - 17

L

calculation

i
)
_j(sm(x)) dx = 0

—> w = b<buy + b<bup

(SiV\(X))L = %% + cos(2x)- (- 1{> = 12:'(’\— oos(Zx)>
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\/ n:-vec’for space , inner product < , ->} e VY k—olimensiona\ subspace |,

basis of W+ (u,u,,...,0) ~~> ONB of U : (b beseo s by)
Gram—Schmidt <LL’I’J> = S"'J'

process/algorithm

Gram—Schmidt orthonormalization:

N\ N
/7

(1) Normalize first vector: b, Uy {/\emqﬁh - 19

- 1 = >
l)1 ¢ — ||U\_1|| u1 where "u1” T \\<u1lu1>

(2) Next vector u,: u, i]\

b / & Span(b,)

orthogonal projection of W, onto Span(b):

(‘? uzl = L1<L1 / ul>

Span(b,)

normal component: EL = U, - L1<L1 , u1.>

-1

normalize itf: l:'_ — Z:'
T AN



(3) Next vector u,: T
Span(b, b,)

orthogonal projection of w, onto Span(b,b,):

bl iz L+ bl

Spav\( L11’3)

normal component: 63 =W, - L1<L1,U\3> B L7_<Lzl u3>

normalize it: l:3 P = 1T L\’
HE
»  continue:
(k) Next vector Uy :
Ug
\

 span(b, b, , ..., byy)
orthogonal projection of W, onto Span(b, b,,..., b,)

(‘> Wy ::iLJ<LJ,U\k>

span(by, b, , ..., byy )

=1
~ k-1
normal component: Lk = Uy — LJ-<LJ,U\|(>
51
normalize it: Lk:: 1 — oNB of U : (51,51,.-.,Lk>
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\/ n:—vec’fov space , inner product < , ->} UWe YV k-dimensional subspace |,

basis of U : u1, Ly Uk> S r ONB of U : (51,51,---/Lk>

Gram—5Schmidt
process/algorithm

Example: \/ = 'P([-Lﬂ, rl{) polynomial space with inner product:

4

{§,9> = j §() 9(x) dx

Take [\ = ’Pl([%,ﬂ, R) with basis  (m,, m, ,m, ) Mg i X > 1
R

n, X=X
(po\womia\s of degree < Z) /Q ot ONB: , X > X'L

Gram—Schmidt orthonormalization:

1
(1) Normalize first vector: |m, || = <\mo,vno> = J“H dx = 2

P N L(x) = L
Il ™ T ™ o) T

(2) Next vector m, :

/'\1
normal component: 1 = — L<Lo,m1>

normalize it: l: =




(3) Next vector wy:

by = my = bbym> = b by, m>

normal component: LZ: y vv:\/g -
N A 5 1 7 XX dX
L.x"dx
-Wx\1 104_1_1_=E
1 Tw® , @ 3 773
(O
1 — -— —
=M g éz(x)—x 3
i
L= T T = (- D)0 1) dx
normalize it: e m J
{
1
= J(-50 e ) dx
_ 1 8
3 4 _ 3
:Lxs—é—x +—5-X ‘_1 = s

:> Ez(") :E'(X'L_ 1?> ~—> ONB for 'B_(E1/ﬂ/ R)

(Legendre polynomials)
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 linear map N ;
v - }V%w

V W

h ™ mxh
Recall: g: R — R linear <:> matrix AG R

Definition: Let V,w be two [ —vector spaces. (same [F for both)

Amap §:V—W is called linear if:

(1) f(U\} v) = () + §(v)

vector addition inY vector addition mw

@) $(Aw) = N fu)
J L scalar multiplication in W

scalar multiplication in v

for all u,veV, Ne [, /}v\“ /_\ /

V W
Remember: g(ov) = {(0-w) pa 0- f(w) = Oy




Example:  (a) V = ﬂij , W=T, ac 'V,

}(u) L= <0\I\A>s’fanc|avo| is a linear map.,
\

p 3
\ oW (matrix multiplication) (Z‘l> — (?1 o, —J)
A
(b) (transp mplex conjugation)
V=P(R), W="7P(R)
L:V—W [(x»xl): X > 2x

pr>p
is a linear map: f(?-l—ﬂ) =(F+ﬂ>): P‘)+°|\:[(f’>+[(ﬂ)
Le) = (2p) =g = 2 ()
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Recall: linear map or linear operator 1? vﬁ\/\/
Lix+y) = L(x) + Lly)
Lxx) = N A(x)

Definition: et v, W be two [F —vector spaces. (same [F for both)

For k: V — W | [: \/ﬁ\/\/ linear maps, we define:
ke LoV, (ke d)(6) = k() + L0
(aven heF)  Ah V=W, (ML) (x) == A L(x)

V/ﬂ_\w

b

TN

Result:  with +,: from above, the set i(V,\,J) = i/ \/ﬁ\,\/ | \i\neav}

forms an [F —vector space.

Zevo vector o¢ i(\/, \,\/> is qiven by the zero map 0O(Xx) = 0 Tor all xeV,

\

zevo vector in W



Example: v with inner product < ,-> and ONB (9-1 1€ 0y €h>.

l.A — SP3V\(Q1 1 €2 000y eh-1)

Orthogonal projection onto (L : proj,: V—V

nA linear map
X X >y <oy X
=t
PVOJM'L : VH v .
linear map

A—> €, <e,,, X>
Addition: proj, + proj ¢ = idy

Subtraction: proj, - projt = idy — L-proj ¢ reflection

Composifion: /K\\ m
A lineay v linear \,\/

W

ke 2(W, V), Le2(V,W) = [oke 2(u, W)

Example: proj, o proj, = proj, proj, o projit = ©

I\zevo vector in i(V,V)
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11 vﬁ\/\/ linear map preserves the structure of the vector space,

\\

(vector space) homomorphism

TR /" kN
ORE
\ Ke { /

Reminder: (just maps on sets) 5: VQ\A/ is called invertible it there is a map

9: W — V with Jof = iolv and j:oj = iolW
\> denoted by 5_1

J bijeotive (=> § invertivle

—1
Fact: '[ : VQ\,\/ linear + bijective :> f : \/\/ —> v linear

(see part 31 in *Linear Algebra*)

Example: a:;z;j:”f V ﬁxj\o%asis /’> B = <L1, b, , ..., Bn) basis of V
space
7] @3 (Lj} =%
EE; @3 linear basis isomorphism
linear
com{@){e ”:n — /7 (C1 Ny ...,€h> standard basis of ﬂ:n
i basis

space




-1
Definition: j: Vﬁ\/\/ homomorphism  + 1 \/\/%v homomorphism

~——=> is called an isomorphism

Remember: (vector space) isomorphism — bijective linear map

//

linear isomorphism
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jv%\/\/ lineav: [(x_;.)/)

L, B = (51,1;1,...,17,,) basis of |/

b, _> xe\V can be written as X = K, L1+---+ X

b

h—h

tence:  [(x) = L b+t by )
o £(b) + o, L(b) + o+ o, £(b))
N 4
If know these, we know
Example: \/:/PJ(R) ) \,\/—_—’PZ(R) | XV%\A/
pr>p’

is a linear map!

basis: 3: (LML_“LJ,LQ) = (Ma,\m“\mb/lms)

with gz x4, e x> xS

[(Yno) =0 ¢ zevo vector: x> 0

[m) = komy + kefiast



Result:

W
with basis:

C =<C1,...,c,h>

V m
linear

with basis:

B= (L“...,L,)

% %5 12408 "~’

Y e [P

n n
(standard basis) 5 ": “: (standard basis)

L> can be represented by a matrix
$(x) = Ax
\ e[l:mxn

First column of A : (;}81) = <€ECO/€°€E:;‘>(€1> = gﬁt(f(h))

Matrix representation:  For a linear map [i vﬁ\/\/,

ltég = @C(f(h)) @C(f([,l)) @C(I(Lh» c H_:mxn

is called the matrix representation of £ with respect to B and .

Example (from before) V = ’Pg(fR) basis: B = (L1 , Lz , Lg, Lq) = (M,,, M, ™y, m3>

0

with e X>1, Mg X x°
L \;::f W= B(R) basie €= (c1160.6) = (masmesm)
is a linear map: @Cu(w _ @t(f(m): @C(0> _ (%>€":3
2(100) = 2 (£0)) = 2(m,) = (1)

o 3

0 14 0 O
:> ICGJB = (C)) l; 1 0 matrix representation O‘FX
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Matrix re?resenTM \
\% oY 7y kT

with basis:

B=(b...b))

with basis:

D =(dyyy dy)

F" /I\ F" /k_\ F*
(standard basis) ce3 (standard basis) ;D <7 (standard basis)
e ﬁ:m xn € I'Fkxvh
We get: <|< o f) D e = km<—t lceg (matrix product)

3
Example: [; R —> /PZ(R) , Gl)l% (Vy+ Vot V) mg + (V4 )y + Vo,

with m: X1, m: X—=> x"

1 P (1)
k:"Pz(ﬁQ) —> R, (r(ﬂ—p“@))

standard basis (Mo smy,m,)

(kel), ., =

standard basis

£C€3 - (§c<1(l’1)) @cu(bl)) @J[(L,)))

—
S =
o c —



//”iz—\\\iﬂ

linear

W

with basis:

C :<C1,...,c,,,>

Corollary: ()61) _ (1&33

3¢
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)

basis ;B _)z

vasis B linear
(s 3,

8 8 matrix

F" /I\

(standard basis) Ce:B (standard basis)

hanhge change
‘r‘ ~ ¢hahg N 9
asis matrix

basis
= m

(standard basis)

n

ﬁ_‘

(standard basis)

Result:

Exam®ple: /: /PJ(R> — /PZOR) , [(V) )
/ \
‘,B:(m“mh’”‘wma) C=(miimy, m

> Pt 1 1
;B:(zhj—h% ; Mgt mg Yh1+hﬂa,hn1—ma> ) C :( - Tm . Im 4 =M ma)

matrix representation: ftej

__ Z 0 0 ¢

change-of-basis matrices: |3e§ = (0 1 0 0
10 1 1

a 1 1 -

I
o © v
o N0 3
-~ o &
S oC



iIhverse
/\—'V\’./>

>

0
0
1

1

1
1
0

- e

|

ce® ~
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Fact: 7 0 0 0 1 -1 0 0
o 2 0 0 and 3 2 0 0> are different but
o 0 1 0 -1 0 1 1

they describe the same linear map /’ /PJ(R)_> rl)z('R)/ [(V): P)

with respect to different bases.

mxn

Question: j: v%\/\/ linear A = 'zte3 3 IF

Ind mxn ~ ?
For another AC H_: , can we find bases such that A = ﬁ?fefﬁ :

If YES!, then we say A and A are equivalent.

Picture: 1 - -
3 E e 8 N F
(standard basis) (standard basis)

/\! change change l/—\
invertible! —]_3 = of T. T -~ of T invertiblel
<38 _ T3 cet | o0 el
basis asis
- I . .

3 rI:" C&< 3 S F
(standard basis) (standard basis)

n xn

Definition: A matrix A € [F  is called equivalent to a matrix A€ |F

hx hn

Mmxm
if there are invertible matrices §€ IF ) Te [ ) Ssuch that:

oY

A=SAT.

We write: Av ~ A



mxn
Remark: ~v defines an equivalence relation on ﬁ:

) reflexive: A~ A  for al A€ I_me
(2) symmetric: A NB :> B nv A for all A/B c IF
3) transitive: A~B A BAaC => A~c foral ABCe[F

n

n

n
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mXxXn
Equivalence relation: A,:B < h_: J A ~B e they both represent the same

linear ma?p [: V ﬁ\/\/

there are invertible matrices

STwith B =SAT.

kernel and range?

Ker(8) = Ker(SAT) =§xelF’

ATx =05 = T Ker(A)
\/Y\J

€ Ker(A)

Ran(B) = Ran(SAT) = iSAI_x | xe r’fn:k

= §SAK | ®e F"§ = S Ran(A)

€ Ran(A)
Result: A~B => rank(A) = Vahf(iB)
I _I_
nullity(A) = nullity(3 )
Il I
N N

mxn
Proposition:  For A,:B 3 IF

, We have:

A~B <=> rank(A) = rank(3B)



Gaussiah elimination

Proof: 6 q -
)7 ()50

backwards column/row
row echelon form substitution exchanges
1, 0
= A~ with = rank(A)
0 O

Lo - = rank(3B)
T ~
0 0
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V O\ vy Oy
basis B linear
A basis ZE
(, ; matrix /C l
r ] [ F
(standard basis) B<3 (standard basis)
change change
-l_‘Be:ﬁ b:ﬁisl/-]_j<_3 ma-t“X 1_393' b:ﬁis\l/j_:g@fB
F | . [P ]y
(standard basis) B e:ﬁ' (standard basis)
We have: N — N
£3e§ - TBeJ; £3e3 1_33e3
I | T

Ao TAT

v —NXn —NXN
Definition: A matrix A€ I is called similar to a matrix A el

if there is an invertible —|_€ ﬂ:hxh such that:

A =TAT.

We write: A ~ A

hxn
Remark: [ defines an equivalence relation on n_:

n

hx
(1) reflexive: A ~ A for all A€ IF

n

(2) symmeftric: A’R,‘ B :> B ~ A for all A/B c n_:hx

(3) transitive: ARB A BAC => ARC foral A,BCclr



Easy to see: AR‘ B = A ~ j}

Exam?ple: 1 0 . 1 0) ot 1 0 9& 1
0 1 0 1 0 1 0

~> is characterized by the so-called Jordan nhormal form
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j: V%\A/ linear , v:\"/ ﬂ:— vector spaces (finite-dimensional) .

For Ee\n/: [(xlt—_—l:/ solutions XCV

matrix YePreSehTaﬁon\
' ) system of
ltej} : = linear equations

Definition: Ker( 1) := {xe\/ | [(X) = O’g kernel of the linear map 1

Ran( f) := {Wéw | there is x€V with /(X) = W} range of b4

)4

7N

\ [
\ |

Ker( /) solutions of L Ran( 4)

uhiqueness of solutions f(x) = b GP existence of solutions



ProPosition: 1: v%\/\/ linear V,\,/ ﬂ:——vec’for SPaces , L€\c\/
The solution set S:: {_xe\/ ‘ f(x = LE

is either empty or an affine subspace: |51 = ¢ or

S = X, + Ker(£) with xeV)

Proof:  Assume )((,6,51 (f(xo) = l:)

Take any veY and look at Xy +V L
linear ma?p /l
w+v eSS & L(x+)=b & L(x)+ Mv) =1L
& Iv) =0 <& veker( () 0

Rank-nullity theorem: j: v%\/\/ linear | V, \W/ ﬂ:—- vector spaces (finite-dimensional)

dim (Ran(f)) + dim(Ker(£)) = dim(V)

with matrix || »art 28729 || H
representations

~—> c:(im(Ran(J(te:B )) + dim(Ker(fC% )) — n
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,{ : V —> \/\/ linear V,\/s/ “:—Vec’ror sPaces

dim(&an([ )) + dim (Ker( 1 )) = dim (V)
~—=> helps for solving linear equation /((X) = L
Example:

V =W = rPJ(R) together with monomial basis (hnz,lmz ,m, vn,,) =: B

with m,: X+—=>1, m: X XX

L:V—\
PP = [(m) = kb, [(m,) = 0
3

7
ker(L,.) = SPa”((% >
SOMEER(HANY)

-1
Recall general picture: [ = @301:%30@3 @ /1\ @
B, 2

j:ﬁej} ~

7

0
matrix representation: I:Bej} = <o
0

-~ 0 © O
oo o O




Ker(f) = Ke'(@—;"jgego%)
- @Z; Key“:&eﬁ - @Z; SPan<< >> o (m°>
Ran(ﬂ) = Ran (g013e30@3>

- 8 ran(8,) = & sw (3109 ()

= span(m,, m, ,m,)

T Y = N

Linear equation: ,((f) = j CP
N~ —7

solutions give antiderivatives/primitives for j

= S=p o S=faketh wn p=



