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Prereguisites: Start Learning Mathematics

/ \

Linear Algebra :
T Real Analysis

Abstract Linear Algebra e

Confent:  « general vector spaces

general linear maps

e change of basis

e general inner products

eigenvalue theory for linear maps

%)
Definition: vector space [R %
h adding vectors / scaling vectors fR
C i Y,

\/ scalars from a field

¢
Let [F be a field (often R or C) .

A set VY + ¢ together with two operations,

o vector addition —+ : \/XV —> Y

e scalar multiplication -: [FxY —> V

where the following eight rules are satisfied, is called an [ - vector space,

(a) (\/ ’ +) is an abelian group:

() u+(viw) = (Mv) W (associatfivity of +)
(2) v+0 = v with oe (neutral element)
G) vi(-v)= 0 with —veV (inverse elements)
() Viw = way (commutativity of +)

(b) scalar multiplication is compafible:

() N(prv)= (Mp)v

(&) '] V =V | /|€|F (multiplicative unit from the field)

(c) distributive laws:

(7) ?\-(v+w) = AV + AW

(g) (?\+/M)'V = AV + pV ~

abstract vector space

-




BECOME A MEMBER

ON STEADY

Examples:

The Bright Side of P
Mathematics

Abstract Linear Algebra — Part 2

56‘\' 4
S addition +

s, scalar Y
multiplication

g rules for + and -

vector space:

/ field [F

(important cases: R,C)

(a) The space of matrices (l:mxn with matrix addition and scaling:

complex vector space (see: Linear Algebra — Part 11 and s%)

(b) Function space, Consider a set T and functions §: L —> R,

Then :Jr(I) = 5_5— T — R} defines a real vector space:

o vector addition

5—+ g defined by:

R/\
5+ 9)(%) = £00 + g0

addition in R

$43

o scalar multiplication ')\5: defined by: s

R
O §) (%) =

L—> check ¢ rules!

-
A £(x)

mulfiplication in R

)\
— —
>2
<y Lo
\'4

(c) Space of polynomials: ?(R) 3 = {‘ F :R—R polynomial Func\‘ion}

L> P(X) = ahx“ F a\,,1-x"'4+--. + 0\1X4+o.0
Pt P, ')\'P defined as before

:> real vector space

zero vector

We see: ?(R) - \’}'(R) \r}—(m) [

{
Kk— linear subspace in &”(R) (R
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-V [F-vector space
set + 8 rules /

L} for example: space of functions

L~> zero vector O€V

Question: ).y = @ & 269 vector : (-1)-v = -v for veV 1
/t 2er0 Iy ":
(g)
Proof: O-v = (0+o)-v = 0-v+0v l//associaﬁfivi’w (1)

(3)
= 0-v+ (—(O-v)) = 0-v +(O-v + (-(0'V>)>

v/_\/‘_\J
(3) =0
:> 0O = (v \/

(¢)
= (1+EN) v =y + ()
2

(3) )Y
=> -V +0 = L\i,i)’ + (1)-v = -V = (1)Vv 4

=0

1V
Linear subspace: . vector space inside another one %
(8
V=R

\: U subspace

/‘ - zero function lies in 'P(R)

'P([R) < J—‘(YR) —— adding two polynomials gives polynomial
T~

scaling polynomial gives polynomial

Definition:  \ [F-vector space , wu<e VvV, 1f

(a) oell,
() uveh => u+vel,

) wel,NelF = Auel,

then |\ s also an F-vector space. We call it a linear subspace of V|

Example: /PLUR) polynomials with degree < 7 (X|—> Gxex , Xe> $x+1>

:> /PL(R) - \}_(.R) subspace
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We know: /Pk (R) 1= {po\womia\s with degree £ kg

PR) =cP(R) = P(R) € - cP(R) € F(R)

subspace  subspace subspace subspace

Definition:  \[ [F-vector space:

(a) For V,,..,v€V, &4 .., %€ [F,

k
ZD(\)VJ is called a linear combination.
g=1

(b) For subset MV :

Span(M) .= {a\\ possible linear combinations with vectors from M}
Span(g) — {0} <—— subspace in V

(c) Aset MC Y is called a generating set of a subspace U<V if

Span(M) = U

(d) A set MCV is called a linearly independent if for all kelN and \{,’G‘M:

k
1

(e) A set MCVY (or an ordered family M :(V1:---1VK))

is called a basis of a subspace NSV if M is generating and lin. independent.

() The number of elements in a basis of U is called the dimension of U

Z dim(U) € £6,1,2,3,..% v {ooé

cardinality of M

could be distinguished more

Example:

(1) Ollm(?o(fk)) =1 > basis M =(X|91 )
N (
space of constant functions/polynomials R—>R
L ety

/K polynomials of degree < L

@ dim(F(R)) = o0

S dim ( (sza) = 6 ( Csza seen as a complex vector space)
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Coordinates with respect fo a basis:

Assumptions: =R or [F=( , V' [F-vector space with dim(V) = n < ),
:B = (L1,LL,._.’L,,) basis of v,

Then: each vector vC '\ can be uniguely L,

Tt : |
wriTTen as V=, L1 + ‘le’z_+ oo 4 {thh with o€ ":

Definition: ol; are called the coordinates of v with respect to R.

- 1:1 :i* h
Remember: \/ = ‘XJLJ &> . cF

Xy,

K coordinate vector

Picture: oetraot o bac
T :E . o,
space Define: @3( 0(1 L1+ S ‘thh> - D:\L
-1 5(
o8 (. j o h
h
concrete @3:\/ —> ﬂ‘_ is a linear map:

I-F” standard

vector .
basis

space

@3(v+ w) = %(v) + @3(\#)
B,(hv) = A B(v)
¢

is called basis isomorphism

L> EE‘B(LJ) =%

3

canonical unit vector

o__o—-i D’-D
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subset of F(R) aiven by
cos: R—=>R ~> A
st R —=> R ~> —Pore
exp: R = R ~— ’i/\

7

[A = SPaV\ ( cos, sin, exp)
generating \/

Question: 1Is (oos, sin, exp) a basis of W ?

/\

linearly independent L

We have to check: 0(1-003 + 0, -sin + {,-exp = 0 :> o(J. =0 for al j

— _——7

means: zero vector in }UK)
G .
0<1-COS(X) + 0(1.' sin(x)+ Ns‘eXP(X) _ O(X) > 0 . R —> rK

X— ()
for all xelR

( 0<1- oos(O) + o, siV\(O)+ , - exp(()) =0
0(1- COS(%) + o, sin(I,L)+ 0(3- exp(%) =0
X cos(—17-500) + o, - sin(=1%-500) + oL exp(~1%-500) = 0

(!

a 0 { L, 0
LN W, system of
\> \ 0 1 c o, = 0 linear eguations
D gooo'w
L 1 d 0

o 4 )
Since deT(O 1 é"’l> = c,1°°°w+0+0—1 -0-0 < O,

the system of linear equations is uniguely solvable,

:—> X, = X, = oy = O :> //(COS/ sin, 6><P) basis of A
3

Basis isomorphism: @3: M —> RZ /

defied oy §(c02) = GD' CHCOR @) Do) - G’D

What about V: R% R | V(X) = 3 COS(X§+ zeXP(x>

@3@) = G) [ Ep——

3
represented by R
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1 / lJ7_ J L )
< v baS|s
PASH ) basis
%ys isomorphism @C asus isomorphism

of

N .
|e1> - Kba_as/ |e,1

Recall: §3: V — ﬂ:w given by 53(%) = €; for all

\

-.1 n _1
531 F —>V given by 53 (CJ) = LJ for alld‘

-9 coordinate
For each VEV : v = @3 << vector >>

Example: KI)L(TR) with basis B = (\mo ; Imy ,\mz> where yna(x) - 1’ Vh1(x): X, mz(x):x’l
For ?efﬁl(m) given F(X) = Ix +8x -2

- -1
f= (—Z)- me + &m, + Im, = 531 <2>>
3 coordinate vector

_—

l

Another basis: C =(C4,C1,C3) with C=wmg , Co=m, , C, polunomial

S (0= 8x
B §~1 -L
PF= *c a coordinate vector

<

old VSe NEW coordinates: :B — (L“Ll J---/Lh> basis ; C :(C“Cl,.,.,C,,) basis

P g
53(\/) = Ft) e~ §C(v) — 71'
h a

V= Biby 4 ok, V= )t YiC

5,
5//-1 @%
63
n _ 5-1 n

~
>

n —h
S— change of basis: g: ”: — |

linear:

5

We gef: f(x) = @C" 5316()
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vector space of dimension N

fwo bases B = (51 ) Lz ) o )

/

—bh
N change of basis: g: ”:h% I

5 linear!

V

5

old coordinates new coordinates

0

4 -1
at happens if we pu = 2] into T~ e,) = e =
What happ put e, <> 1 § |> g( 1) @C( ?ﬁg\%ﬁ) @C(l%)
We can see 5 as a matrix f(x) = ( >(X)
/

| | | transformation matrix

—l_ p— @C(L1> @C(L’-) @C(L“) transition matrix

| | | change—of —basis matrix

from B to C

53(V) §C(V) Remember!

Fact:
< 663> 7;65

Example: = T)(R) polynomials of degree < /3 m,: X1
M" 2
3 (M'L J N1.1 ,,H Ml: XHX

~> how to write b. with a linear combination of C
<3 J

B

~—> how to write CJ with a linear combination of B

0

1 1
L> column vectors 53(00 = _1_1_ , 53(61) — 1L , 53(c3) — <0
) 0

1

1 1 0 calculate
inverse!
| — 1 |

C<B
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_|_ () B (: V vector space of dimension n
.:B<—C : t B : B ”
\/‘\(‘\J \/
change—of —basis \ /[ h .
matrix 3 §3(v) —l?B(—C (hx n)-matrix
C(V) invertible

Example:

3=((1)0)
£-((0).6)

standard basis

R R*

—ljf.',<—3
—E<—£B
| |
We already know:
—ljf;eB ) <@z|“’1> @zf >>
|
—|;<—C ) ( E|(C1) @2

L’Z
| | 1
@ (CJ) = <c:1 C|L> = <o 'L>

/

1

7 N\

-
He\\(ja

We can calculate:

L= T T
-1

calculate product immediately l

> —|;<—C x - —l_z<—3

I A\

(%) (24

:>So\ve<1l‘13> (11‘1’)')
L

0 12 1 ¢ o 0 1 1
~— 1 0 -1 -1

L-2T 0 1 1 12
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Always: “_:eim/q:} o R = {0( o F=RK for xelF
X , F=C
\ T = mxn
> A*:: Akl F=R for Aé:”:
A, F=C

Definition: < > V"\/ — [F

is called an inner product on the H:—veo’rov space \/ if:

) <x, x> > 0 forall xe
Oor A3 v (Posi‘\'ive oleﬁni’re)

ﬂ <)( ) )(> p— 0 :> X = 0 (zero vector)

(2) <)’) Xt 3\(> = <)’1X> + <y,li> for all XIS(\'IYQV
<Y’ 7\X> = A <)’ ) X> for all AE [F,X,S(V,)’év

(linear in the second argument)

Py =Ly x> forall x,yeV (conjugate symmetric)

Example: (a) For U, Ve H_‘Y: define:

— _ - x*
<\A) vs>’fawo|avo| = U1-V1 + U‘L.V'L + e F uh-v"" = WU V
1
(b)  For U,VveE F, define:
<U\)V> = U1-VL +G1,'V1 ~> (2) and (3) satisfied

CIOTEREERLES

not an inner product:

) /P([O,ﬂ/ ﬂ:) polynomial space , F(’Q = LX s in T)(.[O'ﬂ’ I-F)

Define: <J[ ) 3> — jm‘j(}() d x

1 ! 1

ExaMP\e=<F}F> — jH.Lx dx = leAx =1?x =3

0 Q

< 5w~ Of§5>

v=1
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L
Example: 1In H_— .

standard

~———=> check 3 vules of inner product A

L_> <X,X> = <X1 AX> > O for X#O

standard

hxn
Definition: A€ F is called a positive definite matrix if:

X
° A = A (selfadjoint/symmetric)

* <X,AX> > 0 for all X€n:h\§_0k

standard
hxn
Fact: 1f A€ ﬂ: is a positive definite matrix, then

<Y' X> = <Y' Ax> defines an inner product in ﬂ:h

standard

o -
Example: %, (| %>x>* LT R R X o §x.x,
sltandar

1
= |x, + xZ\L + 3-x,| >0

1
1f |x1+ XL\L+.3'|XL| =0 => |X1+ XL\L:() and |X,.| = 0
L/Y\/

:> (11 D positive definite

hxn
Proposition:  For a selfadjoint matrix AC_: H: , the following claims are equivalent:

(a) A positive definite

(b) Al eigenvalues of A are positive <> O>

(c) After Gaussian elimination (without scaling and exchanging rows)
OV\\% with row opeya‘\'ions ZL+7\J ) (see part 37 of Linear Algebra)
all pivots in the row echelon form are positive,

(d)  The determinants of the so—called leading principal minors of A

are positive,

R H = (GM H - [ Y Ay
o‘!| A, |- a ! I a, a, /!
1 1 in Uy 1
A — A QAu Ain H _ Ay 9, a, |—|
2" O\u Ay Ay’ ) nw A

Qny One Apn Ay An dy,

det(H,) > 0, det(H,)> 0,..., def(H,) >0

(Sylvester's criterion)

Example: ) _ (‘1 L) (d) det(1) =1 >0

ole’f(;\:t :4-1:3>O

| - >4
(c) Gaussian elimination: L EJ>I <|I| @
1 ¢ 0 ¢
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Recall: inner product on the ﬂ:—vec’fov space \/ ;

<. A VxY —= [F  three properties:

for V= [F : <)’/ X> = <7’ Ax tandard

posifive definite matrix

We use inner products for: ¢ measuring angles

* measuring lengths: ||x|| T ‘I<X,><>‘

norm of X

Cauchy-Schwarz inequality: < , > inner product on the H:—veo‘for space \/

Then: ‘<>/, X>‘ < ||>(||||)/|| for all x,ye\/
and |<>/, >(>| = "X"")/" <: X,>/ lin, dependent
Proot: (1) For X=0 : <)’/‘,§,> = <y,v> = (0 and ||X||||)/|| =0
v
(2) For X+ 0 : Show: |<>/,”XT”>| é ")/" ) "’2" = 1
= Kyy? S AR - AL AR

VY\/
ry PN

X+ “A-(—z-ze(<y,>“<>)) + ||)/II1

\

guadratic polynomial has zeros: M., = - i\]( )1- ‘

/\v /\\/

= or

= L)f-9 <=0 = Re(<y,i>) < Iyl

:> ‘E€(<)’:£> )‘ < ")/” ~=> Cauchy—Schwarz F-=R

For [F=C &ip<)’:;\<> = |<)’;§<>|

AN

| Rec Gy 30 = |Re(Kyici)] < [yl
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general right angle:

i
/_Jy normal component O‘Ff)

X
orthogonal projection of p —_:> () = X+

Definition: \/ ﬂ:—vecfov space , inner product < ) > ; \/Xv — ”:

We say X,Yy € YV oave orthogonal, written as X J_>/,

it <x,y>=0.

Example: 'P(H,ﬂ, ”:) polynomial space | <JC ) 3> = jmJ(X) d %
-1

Pri X ‘
1 i :> <P4II’Z> p— 5x301x
-1

0 = ‘31_1_[)2

Pl: X - Xt

Definition: \/ H:—vec’rov space , inner product < ) > ; \/XV — H:

For M \/ / M= &, we define the orthogonal complement:

MJ_ 1= {xg\/ ‘(X,w\> =0 foral me M%

M* M-
M M
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X -

= Span(r)

Definition: \/ H:—veo’rov space , inner product < ) > : \/x\/ — “:

Let (A =V be a subspace with || = Span(r) , r+o0 .

For )(év and a decomposition X = p + n with U , hir

J

HeReall orthogonal projection of X onto A

h  normal component of x with respect to L

Let's show the unigueness: Assume X = p +

x E// :> + h = + h :> = W -n

positive definite

ExisTence: W = Span(r) :> =N for A€ H:

<:V;Xj7¢=i<:r,'XW'+-n:> = A <:r,rf> 4-<:r,w:>
v
<> =0

<\’,F'> > :<<f‘r>zr_ ; N= X~

= 2=
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Example: R'L with standard inner product.

) H

(unit vector)

orthogonal projection:
N
F<E, D

Generalization:

1
Important fact: Wn W = {03 for every subspace usv

Proposition: \/ n:—veo’fov space , inner product < , > . \/XV — ”:

Let WSV be a k—dimensional subspace , B = (.l’w b,,..., Lk) basis of U .
Then for >/€V= >/_L w  for all ucl
&
y L EJ for all Jei’lll,...,kqg
Proof: (:>) \/ <<:) We assumi: <>/, Ed> — 0O for all Jei’l,l,_,,/k‘g
= Z{)\J<)’II’J> =0
J=1
3B basis

= <Y’Z7\JEJ =0 => I

for all uc W

Orthogonal projection onto a subspace:

X
\/ H:—veo’(ov space , inner product < \ ->) h U
UWes VYV k-dimensional subspace,
1
For X\ and a decomposition X = p + h with W, nel,

e eelll orthogonal projection of X onto A

h  normal component of X with respect to (A
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Orthogonal projection: % " XK= p# ng L
: ey
U
\/ [F—veo’rov space , inner product < . »>}
U<s YV  k-dimensional subspace , F

Assume we have a basis R = (L1, b,,...

‘_): '>\‘L1 + r)\,’-L:.L t - + 'AkLk

For each basis vector BJ 3 <bJ , X> = <BJ-, F> + @)
= <l7J / f)\‘L,‘ + 7\7_["-,_ t o
k

= 27\'»<”J'La>

L=1

/Lk> of WU. LVF

for some 7\1, Sy ’)\KQ H:

i 7‘kL’k>

Let's vewrite these K linear equations:

<B1,L1> <E1,LZ> <l’1'Lk> '}\1
<l’uL’1> <l’zle> <,’11Lk> 7\"

<by i %)
by xy

I

bk bk b by 7\k <bk'X>

Wm} solution gives us the orthogonal projection

Gramian matrix G(«B)

6(3) invertible <:> Kev(6(3))=ia}

Do we have a unigue solution?

Let's prove KCV(G(B)) = %0}' Choose (T;> < KGY(G(;B))

6(8)(}) = U

::> for all 2 |31\<_17J-/,”L1>+ $®Lz> PR F®k> = 0

linearity
k
:> fora\\J‘. <L,'), Z?ubc ~— O
N
Proposition >/€ M
part 15 L
* — >/€ U
Un l=§°§ B, 6
Bx 0

\ 0 0
Example: X7 with standard inner product ;W= Span((})l (2))

) = o3 1)

X =

<I’1'L1> <l’1’Lz>
<I’L'L1> <L1/Lz>

<L’1 ' l’k> 7‘1 <l’1 0 X>
<l’1'Lk> 7‘1. <bl ' X>
<I’k/Lk> >\k <l7kl X>

<LK/L1> <l’k'L’z>
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V ﬂ:—veo’rov space , inner product < , ->} UWs YV k-dimensional subspace

X = f€+ Ifleu.L

X|“ + X|ML

Simplified picture: What is the distance between (| and x4 () ?

x+U

3

?
S?

Approximation formula:

\/ ﬂ:—vechOV space , inner product < / '>) U< v k—dimensiona\ subspace ,
For xeV:  dist(x,U) = imc[llx— all | U\G\A} = ”X_:,llﬁ"

orthogonal projection
Recall: |Ix||:= ’<x,><>

norm of X

proof. for all welk: [x-ull® = [[x-xj)+(xly- | A

T —y—
/5” ::C\'éu

nnnnn | component of x with respect 1o |k

= <n+’0‘ , ht U

= <h,h>+<y\,;6§+ é&;i%)>+ 'J,ﬁ>

me:lAl

L
— ||h|| + ||'\l/'\||’L > ||!n||’L
\_/Y\/

=0

=> inf {[c-ull | uell] >

We have equality <:> ®=0 <:> U= x|, ]
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AssumpTion: \/ ﬂ:—vec’rov space , inner product < . ->} UWs 'V  k-dimensional subspace |,

Idea: Choose a nice basis (b, b,,..., Lk> of W: b /]\_‘
3 b1
<l’1:l71,> =0 | >
1
<E1'b1>: ||L1|| = 1 / <l’7_lbz>: 1
tation: b = T B
Notation <L,L,l,d> SLJ .__{ J

0 , L#]

Kronecker delta

Orthogonal projection:  For xeV: X = )(lu + leL can be calculated:
:B:(L,“L“__,,Lk) basis of (A G[A G(AL

\ X
(8

Gramian matrix

\ <E1,L1> <B1,Lz> <l’1'Lk> Ciac:is 1
Kbyt by k> e Kbk | Y

~~———> solving LES gives X|M

1
G(B)= = 1
<17le1> <[’le;> <I’lek> 1
\,/\(\/
k identity matrix
= X|y = Z b b1 %)
J=1

Definition: \/ ﬂ:—veo’fov space , inner product < , ->} Ue Y k—olimensiona\ subspace ,

A family (_51,51,...,Lm> (wi’(h LJ€U> is called:
o orfhogonal system (0s) if b ,b;> = 0 for all L% L

o orthonormal system (ONS) if <BL,LJ> = SLJ.

e orthogonal basis (0B) if it's an 0S and a basis of U

e orthonormal basis (ONB) if it's an ONS and a basis of U

3 1\ (a\ (o 3
xample: R with standard inner product , ((")’(},)’ (?)) oNB of IR .

0
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X \/ ﬂ:—veo’rov space , inner product < , .>}

UWe VYV k-dimensional subspace

B=(b,b.,...,by) ONB of U,

k

orthogonal projection: XI\A: E | bJ<I;- ) x>
J
——J

J=1
scalars

The case ¥e | :

X= Ak +Abet o 4 2L,

151 T A0,
X
t N N How to find?

/7 7
|’1

& easy for ONB:

Result: \/ ﬂ:—vec’rov space , inner product < / ->} e Y k—dimensiona\ subspace ,

Let B=(b,b.,....by) be an ONB of U,

Then for each ue A we have the linear combination
k

= Z EJ<I>J ,u> (Fouviev expansion of W w.r.t. {B)
—

J=1
(&F
Fourier coefficients

Example: V: W = Span( xp L

) X 0oos(x), XB cos(lx); Xb sin(x))

_ (subspace in J(R>>
with inner product: <§ | j> — 1: J_‘X)ka) dx

I\
-

~
n

We gef: <x|—> cos(x), xXp oos(x)> = 1:-5(005(X)>L J;( =1

)
W
<XI9 cos(x) , X» SM(X)>

[!
j cos(x) sin(x) o\x
Yy
odd function

:> $ — (x»:—? ) XPcos(x), Xp cos(lx), Xp sim(x)>

—?I—‘

Take W with w(x) = (siv\(x))L (ac’rua\\% WE \/>

Calculate: <b1 ,u> = :? : jY (SW\(X )) dx = %
08 3
<bl,u> = :? _\i cos(x)(siV\(X)>L dx :.:? %(siv\(x)) ‘_N =

~
n

17 jcos(ZX)(SiV\(X))LJx = ——42

" _:ﬁ‘ 3 lo,}gey calculation
<b,r,u> = 1:-5<sin(x)) dx = 0

X
I
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\/ n:—vec’for space , inner product < \ ->} Us YV  k-dimensional subspace |

basis of U : (u“u,',...,uk) ~~>  ONB of U: (51,L1,...,Lk>

Gram—Schmidt <by 'LJ> - g"i)'

process/algorithm

Gram—Schmidt orthonormalization:

AN N
/7

(1) Normalize first vector: b Uy ‘{/\ewqﬁh - 19
N _ -
L1 = W, where || us || := \\<u1,u1>

(2) Next vector u,: u, fT

[
b / & Span(b,)

orthogonal projection of W, onto Span():

Q U\Zl = l’1<L1 ' “L>

Span(h,)

v

normal component: EL = U, - L1<L1 , U\L>

-1

normalize it: b, s = — Z:'
TR N
L1

(3) Next vector u,: u
Span(b,, b,)

orthogonal projection of W, onto Span(h,b,):

Gl iz L+ b

normal component: Ea = U, - L1<L1,U\3> - L.L<Lz: U‘g>

normalize it: LJ s = 1T E’
Il
»  continue!
(k) Next vector U
Uy

C spantb, b, ., byy)
orthogonal projection of W, onto Span(b, b,,..., b,)

k-4
Lo —
k - L.<b: ) u

Span(by, by, ...y by ) ; 'J< J k>
7\ k-4

normal component: gk = U, — ZL,,-<LJ/ e
5=

normalize it: Lk = ﬁ Z,\; :> ONB of WU : (51 N T Lk)
k
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\/ H:—vechov space , inner product < ) ’>, U< v k—olimensiona\ subspace ,

basis of U : (u“u“...,uk) s ONB of WU : (L’mhu---;Lk)

Gram—Schmidf
process/algorithm

Example: \/ = ’P([‘l,ﬂ | R) polunomial space with inner product:
1

(5,9 = §560)96) dx

-1

Take |\ = ?)_([1,ﬂ | R) with basis (hno,hn1 , ImL> m,: X > 1
't A . X=X
(po\womia\s of degree < Z) K o ONB: m, X => X’L

Gram—Schmidt orthonormalization:

1
(1) Normalize first vector: ||Im°||’l: <Wl°,lma> = y11 dx = 2
-1
l)O = 1— ‘m, = 1_VY| L = 1—
|| m| T o(X) T

(2) Next vector |m1:

Ve
normal component: 61 =m, — LO<LO,W\1> = m,
\_/H
N 1—')( Jx =(
5
1 ° :
A% ~
normalize it: l: P = 1— L ) ||L | = Jx.x dx = 1x0 = _Z_
1 T 1 3 3
1 -1 1
_ 13 — |3
(3) Next vector wy:
e
normal component: EZ = m, — LO<L°, ImL> — L1<L1 , th>
—— ""'\r\/4
N 11 5 \fF;IX-Xier=0
1. -1
7 X dx 4
> S I VL R
{Z 3 » 7 3 - T
_ _ e (I
=M g b)) = X3

n

normalize it EL s = "!E—" EL / "’EL||L ‘RX'L_ %)(xl_ %) dx
1 -1

I
g’j
X-C
I
C-u\*"
>
>
+
Sy
N4
S
X

)
)
>
|

= 500 =& (1)

~> ong for B(L0A, R)

(Legendre polynomials)



BECOME A MEMBER The Bright Side of e
ON STEADY Mathematics

Abstract Linear Algebra — Part 22

o linear map N 7
v - }V%W

Y W

h m m xh
Recall: §: R — R linear <:> matrix Ae R

Definition:  Let V,V be two [ —vector spaces. (same [F for both)

Amap §:V—\W is called linear if:

(1 Fu+rv) = §(w) + §(
& )+ 50)

vector addition imv vector addition imw

@) ${(Aw) = A fu)
/ k_ scalar multiplication in W

scalar mulfiplication in v

for all u,ve\/, e [F /)vm /—_\‘ /

v W
Remember: g(ov) — g(o,u) (;) 0- §(U\) = 0

Example: (a) V: ﬂ:3 ’ W:IF , 0\€v.

5—(\1) = <a\,u\>ﬁandaml is a linear map.
\

N\
oF W (matrix multiplication) (21) — (?1 T —J)

(franspose + complex conjugation)

PUyv=PR), W=R(R)

L:V—>W (x> ) = x> 2x
i |
is a linear map! f(f-bﬂ) =(P+<1> = F\+°[\:[(f>+[(‘]>

Lney = (2p) =2 = 2 ()
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Recall: linear map or linear operator ,{1 v%\/\/
Lix+y) = L(x) + Lly)
Lxx) = 2 L(x)

Definition: et \/, W be two [F —vector spaces. (same F for both)

For k-. \/ﬁ\/\/ | /: \/%\A/ linear maps, we define:
ke L.V —W | (l(hé)()() = k(x) + £(x)
(aven heF)  Xd V=W, (ML) (x) = AL (x)

V/(_\W

!

V/M\*W

Result:  With +,- from above, the set i(V,\,J) = i[ \/ﬁ\/\/ | \ineav}

forms an [F=vector space.

Z2evo vector oe i(V,W) is given by the zero map O(X) = Oy for all xe'V.

Example: \/ with inner product < ) > and ONB (9.1,87',..- ; €,,,>.

zero vector in \//

U= Span(e,,e;,..., € y)

Orthogonal projection onto (L : proj,: V—V
-4 linear map

Pyoju'l' : V% v

linear map
N> €, <e,,, X>

Addition: proj, + proj it = idy

Subtraction: PYOju— proj L = iolv -~ Z'PVOJU(L reflection

Composifion: /k\\ /I\J
A linear \/ linear \A/

W

ke 2(0, V), Le2(v,W) = [f-ke 24, W)

Example: pyoj“o pvoju = pvoju ) pvoj“o projt = ©

/\26»'0 vector in i(V,V)
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jf vﬁ\/\/ linear map preserves the structure of the vector space.

\\

(vector space) homomorphism

TR Y
INORE
\ ket 7

Reminder: (just maps on sets) 5: VQ\,\/ is called invertible if there is a map

9 W—V ith  gef=idy and feg=id,
\> denoted by 5:-1

J bijeotive (=> § invertivle

—1
FacT: 1; \/%\/\/ linear + bijective :> )( W — V  linear

(see part 31 in *Linear Algebra*)

Example: afzzgzif V ﬁxéasis /> 3 = (L1, LL ) e L:,,) basis of V
space
71 @3“’3) =%
@; §3 linear basis isomorphism
linear
e 7 (6-1 e, ,...,€h> standard basis of ﬂ:n
gl

-1
Definition: j: \/%\A/ homomorphism  + 1 \A/ﬁv homomorphism

~——= is called an isomorphism

Remember:  (vector space) isomorphism — bijective linear map

74

linear isomorphism




BECOME A MEMBER The Bright Side of

ON STEADY Mathematics

Abstract Linear Algebra — Part 25

/(\/%\A/ linear: 1()(4.}/) — [(X)i‘l(}/)

L, B = (L“Lz,...,lah) basis of \/

b, :> x€V ocan be written as X = X, L1+...+ . b

h~h

Hence: /(X) = 1({X1 b+ o4 ‘Xth>
= ot £(5) + o L(5) + o+ o, £(b0)
N 4
If know these, we know )(
Example: V:/PJOR) ) \,\/:fl)z(lR) | KV%\I\/
pr>p
is a linear map:

basis: B = (51,L1,L3,Lq> = (MO,M,‘IVV‘LIM.?)

with mg: x >4, me x> xS

[(hﬂo) = ( g zero vector: X+ (

[(m) = kmy, o ke§tast

V m
linear

with basis:

Result:

W

with basis:

f :<C1,...,C,,,>

:B = (51/'.»,190

: ¢
2, 2, (Do fod c
C 3
linear n
. /\ r
(s’fawollTa_:d basis) 5: rl:n% th (standard basis)

L> can be represented by a matrix
§(x) = Ax
K el’l—"“
First column of A: £le) = <@C0jo @;)(e1> = Q‘Bc(f(l”))

yy

Matrix representation:  For a linear map /(‘ vﬁ\/\/,

'(Ce:B = Qt(f(h)) @C(f“pl)) @ (f(l:h)) c ﬁ:mxn

is called the matrix representation of £ with respect to B and €.

Example (from before) V = ?}(R) basis: B = (L1 , Lz / l’g, Lq) = (Mo, M, ™y mz)

with i x>1, me x> x
L:V—\W

P> P) \A/ = rl),_('R) basis: = (61,61 /CJ) = (W\a,lm,l,lm,_>

is a linear map:

8, (£)) = 2,(£m))= 3,(0) = (3)eF

@E(I(Lz» = @C(f(hﬁn) = @C(‘m”> — <%>€":3
60 14 0 0

_> 1563 — (0 0 1 0> matrix representation of X
o o 0 3
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Matrix rewesen’rM \
VN7 L XN T\ ke

linear

with basis:

D =4y, d)

with basis:

& :(C“.,.,c,,,)

Jaa( e 5[ )a
F " n:k

with basis:

B=(by.,b)

@;(

(standard basis) Ce3 (standard basis) :D <_t (standard basis)
€ H_:rn xn € "_:kxm
We gef: o ) _ :
<|< j D s = k Det Itej} (matrix Product)

3
Example: [; R —> /Pz(lR) , (El)l% (V+ Vot V) mg + (V4 )y + Vo,
3

with my: X1, m: X > x*

n 2 P (1)
kR(R)— R, ¢ (f’(”‘[’"(”)

stfandard basis (W\o Sy )

(kel), =t

standard basis

Leey = (@C(m,)) 8 (4(1) @C(m,))>

Corollary: (zﬂ ) _ <£ 7_1 /[\ W
et C<8 |ihea)|: with basis:
- AN GRS
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)

basis 3
.

basis :B

(@ a)

":Vl

(standard basis)

hanhge
T | _
§<3 bOf. —]?3*63 —l—tec
asis matrix

(standard basis)

Result:

Example: /: /PJ(R> —> /PZ(HU ; f(‘)) = P) linear ma?p!

] \

3:(m3'ml'm1lm0) t:(‘m“m“h‘J

X e 1 1
;B:(ZMJ—M1, Myt my M+ M, ,\m1—|mo> ; C = ( - M Im 4 =™y Vho)

matrix representation: lteg = (0

_ . 0

change-o{—‘-basis matrices: |3e3 = 0 1
o

0 1

T '1 11 07 inverse — '17 -1 Q
— [-L L1 0
cet — | vt ~> | =\x 1 ¢
0 0 1 tet (o 0 1
- 30 0 ¢ ¢ 000
_ L1 0
le ~ = T. [ | R I N | B
Ce3 et “Ced '83<3 R o o0 4 0 10 1 1
O 1 1 -
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Fact: 3 0 0 ¢ 1 -2 0 0
0o 2 0 0 and 3 2 0 0 are different but
o 0 1 0 -1 0 1 1

they describe the same linear ma?p /’ (PJ(R>_> rPg('R)z [(f): P)

with respect to different bases.

mxn

Question: j: \/ﬁ\// linear A = lCeJJ <

rv mxhn ~ ?
For another AQ IF , can we find bases such that A = I'Eefﬁ g

If YES!, then we say A and A are equivalent.

Picture: j - =
3 = ce 3 S F
(standard basis) (standard basis)

/\I change change m
invertible! —1—363 o$3 T~ T o| of —]Tc'et invertible!
. 3«3 el basi
basis asis
~ l,\, ~ " tE

0or Ced s | F
(standard basis) - (standard basis)

n xn

Definition: A matrix A 3 ﬁ: is called equivalent to a maftrix A€ h_:

hx

MmxX m
if there are invertible matrices §€ [F ) Te [ ;  Such that:

Y

A=SAT.
We write: /Z\VNA

mxn

Remark: ~~v defines an equivalence relation on H:

(1) reflexive: A’V A for all A < H_:'""
(2) symmetric: A ~ 3B :> B~ A for all A,B c ﬁ:
(3) transitive: ANB AB~C => A~cC  foral A,B,C c H_:

n

n

n
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n

Equivalence relation: A,:B 3 H_: ) A ~B e W7 ALY VERTESES e S
linear ma?p [: \% ﬁ\/\/

there are invertible matrices

S;Twith B =SAT.

kernel and range?

A

Tx=0§ = T 'Ker(A)
\/Yw
€ Ker(A)

Ran(B) = Ran(SAT) = iSATx | xe F"l‘

= §SAR | ®e F"§ = S Ran(A)
€ Ran( A)

Ker(3) = Ker(SAT) = xeF’

Result: A~ R :> rarlk( A) = Vah}_(( B)
hullity(A) = nullity(3 )

Il I
n N

n

Proposition:  For A/:B < n_: , we have:

A~B <> rank(A) = rank(3B)

= e (T ) (M) (%

Gaussian elimination
backwards

column/row
row echelon form substitution exchanges
L, o0
= A~ with T = rank(A)
0 0

L0 > = rank(B)
LB N
0 0 =
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V

basis 3
basis ﬁ

(, )\ matrix /C ),
= /I\ P

m

linear

(standard basis) :B 63 (standard basis)
change change
1_36:3;]\ b:ﬁis[_rjegﬂ maT“X 1_363/‘\ b:ﬁis J;l?g(—3
n /\ h
F I~ F U
(standard basis) |3 e3 (standard basis)
We have: _ _ T~ N
1:5 <5 3<3 13 <3 —1_3 <3
I | T/

Ao TAT

n

rn —NX — N X
Definition: A maftrix A€ I is called similar fo a matrix A€ I

n

if there is an invertible —|—€ ﬂ:h”‘ such that:

A =TAT.

We write: A ~ A

hxn
Remark: 7/, defines ah equivalence relation on ﬁ:

n

h x
(1) reflexive: A ~ A for all A€ IF

n

2) symmetricc ARB = B & A torall A Be ﬁ:hx

(3) transitive: ARB A BR C :> ARC for all A,B,CGIF

Easy to see:  ARB = A~D
Example: 1 0 1 0 1 0 2 o)
<01>~<0 L> but <o1>¢(o /A

N> is characterized by the so-called Jordah hormal form
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j: \/%\,\/ linear | V,\,/ ﬂ:— veclor spaces (finite-dimensional) .

For EG\/\/: j(xt_’!i/ solutions XCV

matrix VePreSehTaTi(K
' ’ system of
ltej} : =\ linear equations

Definition: Ker(f) := {er | f(x) = OE kernel of the linear ma?p A

Ran( f) := {we\/\/ | there is x€V with [(X> = w} range of b4

)4

7N

\ [
| |

Ker( {) solutions of Ran( 4)

uhiqueness of solutions f(x) = b C) existence of solufions

Pro?Position: 1: v%\/\/ linear | V,\A/ |F—vec’for spaces , L€\\/
The solution set S:: {xe\/ | f(x = L}

is either empty or an affine subspace: S = ¢ or

S = X, + Ker(f) (with xeV)

Proof:  Assume XOES (f(xo) = l))

Take any veY and look at Xy +V ! L
linear ma?p /l
%+vES & Ix+v)=b & L(x)+ M(v) =L
& Iv) =0 <& veker(() 0

Rank-nullity theorem: j: vﬁ\/\/ linear V,\,\/ ﬂ:—— vector spaces (finite-dimensional)

dim (Ran(£)) + dim(Ker(£)) = dim(V)

with matrix || part 28721 ” ”
representations

~—> dim(Ran(fc% )> + dim(Ker(fC% )) — N
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,{ : v —> \/\/ linear | V,\n/ IF—vecTor sPaces
dim (Ran(£)) + dim(ker(£)) = dim(V)
~—=> helps for solving linear equation /((X> = |

example: = W = /PJ(R) fogether with monomial basis (\m3 ;m, ,m,, vn,,) =: R

with m;: xX=>1, m: X—> X

L:V—\W
pe = f(m) = kmy, , L(m) =0

-1
e goars vt { = Gpo, 28, (V)7L (D)

iéﬁ @3
IR‘* 13&3

RV

V

Ker (1) = Ker (@;;" 136305259

= @:; Ker(jkﬁ - @Z; Svah<<%>> - o (m°>
Ran(ﬁ) = Ran (g013630@3>

= @j;ah (Ley) = B, S"a“(@’ i) QD
= Span(m,,m, ™)

Lihear equaftion: ,((f) = ﬂ (’P

\/—7

solutions give antiderivatives/primitives for j

:> §:¢ or S:’F’+Ker(1) with 'P):j
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Determinant function: det : [R" X R" X o+ X [Rh — R

Y
/\ h fimes
a /’/ hxn
iy ~> det(A)eC for AeC
L > , .
4, Parallelepiped For a linear map § . C — C, x> X
A !

n

hx
represented by AGCE ; define:

det (S'A) = deT(A)

Definition: |F— vector space , /( : V —> \/ linear 1 = (L“...,Lh) basis of V.

hXn
Thenh the matrix representation 13e3 c[F is a square matrix

and we cah set: de‘t(l) = deT(13e3>-

What happens if we take another basis E ?

)T ) ds = T e (T
basis B line basis B ~ — ~ ~
A basis ﬁ * basis ﬁ "B 63 ‘B 63 3 63
()
rn

<3
g S [N

(standard basis) I‘B <3 (standard basis)

change change o -1
Tl T me T T det(TAT™) =det(r) det(a) det (1)
I e = det(A)

similar matrices

Properties: det ( ,[o k ) = det (/Q . det (k)
de’f(LA) =
det( /™) = det(4)
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eigenvector m;v\
X

[(x) lies in Span(x)

Definition: Let \/ be an IF‘ vector space and /( : V —> V be linear.

A vector XéV\{ox is called an eigehvec’for of ,( if
37\6[\: : [(x) = A'X

\ eigenvalue of ,( associated to X

Remember: If Ket’( f — x-ico ;ﬁ‘ ED’E , then >\ is an eigenvalue of [

(\_> Ker( [ _ A|d)\i03 set of all eigenvectors of [ associated fo)\
— v

eigenspace of [ associated to )

~ >

For the finite dimensional case: Let 3 be a basis \/

Theh: ([—Nid)Bej = £3e3 - ,/\'ﬂ_

Henhce: Ker( ] - ;\-id) = i()l <:> Ke'(jj;eg— N /ﬂ_) = {O’)S
7\ eigenvalue of j <:> 7\ eigenvalue of [

3¢ 3

det([-Nid) =0 <& det (f,_,~ A1) =0

® L . is arbitrarily often
Example: V — C (R) T ig R — R ‘ g continuously Cc)li{:?eren’fiable}

(:\/—>\/) 5\——>§) linear ma?p

X
exp: X > e

eigenvalue: 1

eigenvec’for = eigenfuncﬂon




